
ÒÈÏÎÂÎÉ ÐÀÑ×ÅÒ

ïî òåîðèè âåðîÿòíîñòåé

âûïîëíèë ñòóäåíò ãðóïïû ÈÑÁÎï-01-14

Êàðèõ Äìèòðèé (âàðèàíò 10)

×àñòü 1. Ñëó÷àéíûå ñîáûòèÿ

1.1 1.2 1.3 1.4 1.5 1.6

×àñòü 2. Ñëó÷àéíûå âåëè÷èíû

2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8

×àñòü 3. Ñëó÷àéíûå âåêòîðû. Ôóíêöèÿ ñëó÷àéíîé âåëè÷èíû

3.1.1 3.1.2 3.2 3.3

×àñòü 4. Ìàòåìàòè÷åñêàÿ ñòàòèñòèêà

4.1 4.2

×àñòü 5. Ñëó÷àéíûå ïðîöåññû

5.1 5.2 5.3 5.4 5.5



Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1 Ñëó÷àéíûå ñîáûòèÿ

1.1 Çàäà÷à 1 (âàðèàíò 10)

Íà ïîëêå íàõîäÿòñÿ 12 ñáîðíèêîâ ñòèõîâ. Â 3-õ èç íèõ ñîäåðæèòñÿ íóæíîå ó÷å-
íèêó ñòèõîòâîðåíèå. Ó÷åíèê âçÿë 4 êíèãè. Íàéòè âåðîÿòíîñòü òîãî, ÷òî îí : à)
íàøåë íóæíîå ñòèõîòâîðåíèå; á) íóæíîå ñòèõîòâîðåíèå íàøëîñü òîëüêî â îäíîé
èç âçÿòûõ êíèã.

Ñáîðíèêè ñòèõîâ N = 12

Íóæíûå ñáîðíèêè m = 3

Âûáðàííûå ñáîðíèêè n = 4

Íàéòè âåðîÿòíîñòü òîãî, ÷òî

1. ñðåäè âûáðàííûõ ñáîðíèêîâ åñòü õîòÿ-áû îäèí íóæíûé (0 < k ≤ m)

2. ñðåäè âûáðàííûõ ñáîðíèêîâ åñòü òîëüêî îäèí íóæíûé (k = 1)

Ðåøåíèå

Îñíîâíàÿ ôîðìóëà: P =
Ckm·C

n−k
N−m

CnN
Íàéäåì âåðîÿòíîñòü P0 òîãî, ÷òî ñðåäè âûáðàííûõ ñáîðíèêîâ íåò íè îäíîãî

íóæíîãî (k = 0):

P0 =
C0

3 ·C
4−0=4
12−3=9

C4
12

= 3!
0!(3−0)! ·

9!
4!(9−4)! ·

4!(12−4)!
12! = 6·7·8

10·11·12 = 7·2
5·11 = 14

55 ≈ 0.25

Òîãäà âåðîÿòíîñòü P1 òîãî, ÷òî ñðåäè âûáðàííûõ ñáîðíèêîâ åñòü õîòÿ-áû
îäèí íóæíûé (0 < k ≤ m):

P1 = P0 = 1− P0 ≈ 0.75

Íàéäåì âåðîÿòíîñòü P2 òîãî, ÷òî ñðåäè âûáðàííûõ ñáîðíèêîâ åñòü òîëüêî
îäèí íóæíûé (k = 1):

P2 =
C1

3 ·C
4−1=3
12−3=9

C4
12

= 3!
1!(3−1)! ·

9!
3!(9−3)! ·

4!(12−4)!
12! = 7·4

5·11 = 28
55 ≈ 0.5

Îòâåò

1. P1 ≈ 0.75

2. P2 ≈ 0.5
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1.2 Çàäà÷à 2 (âàðèàíò 10)

Â ïðÿìîé êðóãîâîé öèëèíäð ñ ðàäèóñîì îñíîâàíèÿ R è âûñîòîé 2R íàóäà÷ó
áðîøåíà òî÷êà. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî òî÷êà íå ïîïàäåò âíóòðü âïèñàí-
íîãî â öèëèíäð øàðà.

Ðåøåíèå

Âåðîÿòíîñòü P0 òîãî, ÷òî òî÷êà ïîïàäåò âî âïèñàííûé â öèëèíäð øàð ðàâíà
îòíîøåíèþ îáúåìà øàðà ê îáúåìó öèëèíäðà:

P0 =
Vøàðà

Vöèëèíäðà
=

4
3πR

3

πR2 · 2R
=

2

3

Ñëåäîâàòåëüíî, âåðîÿòíîñòü P òîãî, ÷òî òî÷êà íå ïîïàäåò â óêàçàííûé îáúåì
ðàâíà

P = 1− P0 =
1

3

Îòâåò

P = 1
3
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1.3 Çàäà÷à 3 (âàðèàíò 10)

Íàéòè íàäåæíîñòü ñõåìû (âåðîÿòíîñòü åå ðàáîòû çà âðåìÿ t), åñëè âåðîÿò-
íîñòè îòêàçà q◦ = 0.1 è q� = 0.2.

Ðåøåíèå

Âåðîÿòíîñòè ðàáîòû:

1. îòäåëüíîãî ýëåìåíòà: p = 1− q

2. ýëåìåíòîâ, ñîåäèíåííûõ ïîñëåäîâàòåëüíî: p = p1p2...pn

3. ýëåìåíòîâ, ñîåäèíåííûõ ïàðàëëåëüíî: p = 1− q2q2...qn

Ñëåäîâàòåëüíî, âåðîÿòíîñòü ðàáîòû äàííîé ñõåìû:

P = (1− (1− p�p�p◦)(1− p◦p�)) · (1− q◦q�q◦) =

= (1− (1− 0.8 · 0.8 · 0.9)(1− 0.9 · 0.8)) · (1− 0.1 · 0.2 · 0.1) =

= (1− (1− 0.576)(1− 0.72)) · (1− 0.002) =

= (1− 0.424 · 0.28) · 0.998 =

= 0.88128 · 0.998 ≈ 0.8795

Îòâåò

P = 0.8795
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1.4 Çàäà÷à 4 (âàðèàíò 10)

Òóðíèð ïî ñòðåëüáå ìåæäó èãðîêàìè 1 è 2 ïðîõîäèò ñëåäóþùèì îáðàçîì: ïåð-
âûì ñòðåëÿåò èãðîê 1 è ïîïàäàåò â ìèøåíü ñ âåðîÿòíîñòüþ P1 = 0.3. Åñëè 1
íå ïîïàë, ñòðåëÿåò èãðîê 2, êîòîðûé ìîæåò ïîïàñòü ñ âåðîÿòíîñòüþ P2 = 0.5.
Åñëè 2 íå ïîïàë, èãðîê 1 ñòðåëÿåò âòîðîé ðàç è ò.ä., íî âñåãî ïðîèçâîäèòñÿ íå
áîëåå ÷åòûðåõ âûñòðåëîâ. Ïîñëå 1-ãî ïîïàäàíèÿ òóðíèð ïðåêðàùàåòñÿ, âûèã-
ðûâàåò ïîïàâøèé èãðîê. Íàéòè âåðîÿòíîñòü òîãî, ÷òî: à) âûèãðàåò èãðîê 1; á)
âûèãðàåò èãðîê 2.

Ðåøåíèå

Ââåäåì ñëåäóþùèå ñîáûòèÿ: A � âûèãðàë èãðîê 1; B � âûèãðàë èãðîê 2.
Òàêæå ââåäåì ñëåäóþùèå ãèïîòåçû (

∑
P (Hi) = 1):

1. H1 � èãðîê 1 íå ïîïàë íè îäèí ðàç; H1 = (1− P1)2 = 0.49

2. H2 � èãðîê 1 ïîïàë ñ ïåðâîé ïîïûòêè; H2 = P1 = 0.3

3. H3 � èãðîê 1 ïîïàë ñî âòîðîé ïîïûòêè; H3 = 0.7 · 0.3 = 0.21

Âåðîÿòíîñòè ñîáûòèé â çàâèñèìîñòè îò ãèïîòåç:

1. P (A/H1) = 0
P (B/H1) = P2 + (1− P2)P2 = P2(2− P2) = 0.5 · 1.5 = 0.75

2. P (A/H2) = 1
P (B/H2) = 0

3. P (A/H3) = 1− P2 = 0.5
P (B/H3) = P2 = 0.5

Òîãäà âåðîÿòíîñòè ïîáåäû êàæäîãî èç èãðîêîâ ðàâíû:

1. P (A) = 0 · 0.49 + 1 · 0.3 + 0.5 · 0.21 = 0 + 0.3 + 0.105 = 0.405

2. P (B) = 0.75 · 0.49 + 0 · 0.3 + 0.5 · 0.21 = 0.3675 + 0 + 0.105 = 0.4725

Îòâåò

1. P (A) = 0.405

2. P (B) = 0.4725
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1.5 Çàäà÷à 5 (âàðèàíò 10)

Ñ ïåðâîãî çàâîäà íà ñáîðêó ïîñòóïèëî 500 ëàìïî÷åê, ñî âòîðîãî � 1000 è ñ
òðåòüåãî � 1500. Âåðîÿòíîñòè âûïóñêà áðàêîâàííûõ ëàìïî÷åê ýòèìè çàâîäàìè
ðàâíû ñîîòâåòñòâåííî 0.03; 0.02 è 0.01. Íàéòè âåðîÿòíîñòü òîãî, ÷òî: a) âçÿòàÿ
íàóãàä ëàìïî÷êà îêàæåòñÿ áðàêîâàííîé; b) áðàêîâàííàÿ ëàìïî÷êà ïðîèçâåäåíà
íà ïåðâîì çàâîäå.

Ðåøåíèå

Ââåäåì ñîáûòèå A � âûáðàíà áðàêîâàííàÿ ëàìïî÷êà.
Òàêæå ââåäåì ñëåäóþùèå ãèïîòåçû (

∑
P (Hi) = 1):

1. H1 � âûáðàíà ëàìïî÷êà ñ ïåðâîãî çàâîäà; P (H1) = 500
3000 = 1

6

2. H2 � âûáðàíà ëàìïî÷êà ñî âòîðîãî çàâîäà; P (H2) = 1000
3000 = 2

6

3. H3 � âûáðàíà ëàìïî÷êà ñ òðåòüåãî çàâîäà; P (H3) = 1500
3000 = 3

6

Âåðîÿòíîñòè ñîáûòèÿ A â çàâèñèìîñòè îò ãèïîòåç:

1. P (A/H1) = 0.03

2. P (A/H2) = 0.02

3. P (A/H3) = 0.01

Íàéäåì âåðîÿòíîñòü òîãî, ÷òî âûáðàííàÿ ëàìïî÷êà � áðàêîâàííàÿ:

P (A) =

3∑
i=1

P (A/Hi)P (Hi) =

= 0.03 · 16 + 0.02 · 26 + 0.01 · 36 =

= 0.005 + 0.003 + 0.005 ≈ 0.013

Íàéäåì âåðîÿòíîñòü, ÷òî áðàêîâàííàÿ ëàìïî÷êà áûëà âûïóùåíà íà ïåðâîì
çàâîäå:

P (H1/A) = P (A/H1)P (H1)
P (A) = 0.003

0.013 = 0.23

Îòâåò

1. P (A) = 0.013

2. P (H1/A) = 0.23
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1.6 Çàäà÷à 6 (âàðèàíò 10)

Ïðîâîäèòñÿ N ïîâòîðíûõ íåçàâèñèìûõ èñïûòàíèé. Ñîáûòèå À ïîÿâëÿåòñÿ â
êàæäîì èç èñïûòàíèé ñ âåðîÿòíîñòüþ P . Íàéòè âåðîÿòíîñòü òîãî, ÷òî ñîáûòèå
À:

1. íå ïîÿâèòñÿ;

2. ïîÿâèòñÿ ìåíåå òðåõ ðàç.

1.6.1 Ïîäçàäà÷à a

N P

1000 0.003

Áóäåì èñïîëüçîâàòü ïðèáëèæåííóþ ôîðìóëó Ïóàññîíà, òàê êàê êîëè÷åñòâî
èñïûòàíèé áîëüøîå, à âåðîÿòíîñòü ñîáûòèÿ íåáîëüøàÿ.

Pn,k ≈ αk

k! e
−α, α = np ≤ 10

1. Ñîáûòèå íè ðàçó íå ïîÿâèòñÿ: k = 0

P (k = 0) = P1000,0 ≈ 30

0! e
−3 = e−3 ≈ 0.05

2. Ñîáûòèå ïîÿâèòñÿ ìåíåå òðåõ ðàç: 0 ≤ k < 3

P (k < 3) = P1000,0 + P1000,1 + P1000,2 =

= 0.05 + e−3( 31

1! + 32

2! ) = 0.05 + 7.5 · e−3 =

= 0.05 + 0.373 = 0.873

Îòâåò

1. P (k = 0) = 0.05

2. P (k < 3) = 0.873
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1.6.2 Ïîäçàäà÷à b

N P

12 0.7

Òàê êàê êîëè÷åñòâî îïûòîâ íåáîëüøîå, à âåðîÿòíîñòü âîçíèêíîâåíèÿ ñîáû-
òèÿ A âûñîêàÿ, âîñïîëüçóåìñÿ ôîðìóëîé Áåðíóëëè:

Pn,k = Cknp
kqn−k, q = 1− p

1. Ñîáûòèå íè ðàçó íå ïîÿâèòñÿ: k = 0

P (k = 0) = P12,0 = C0
12p

0q12 =

= 12!
0!(12−0)! · 0.7

0 · 0.312 ≈ 0.0000005

2. Ñîáûòèå ïîÿâèòñÿ ìåíåå òðåõ ðàç: 0 ≤ k < 3

(a) P (k < 3) = P (k = 0) + P (k = 1) + P (k = 2) =

(b) = 0.0000005 + C1
12p

1q11 + C2
12p

2q10 =

(c) = 0.0000005 + 12!
1!·11! · 0.7 · 0.3

11 + 12!
2!·10! · 0.7

2 · 0.310 =

(d) = 0.0000005 + 12 · 0.7 · 0.0000018 + 66 · 0.49 · 0.000006 =

(e) = 0.0000005 + 0.00001512 + 0.00019404 ≈ 0.00021

Îòâåò

1. P (k = 0) = 0.0000005

2. P (k < 3) = 0.00021

1.6.3 Ïîäçàäà÷à c

N P

50 0.2

Áîëüøîå êîëè÷åñòâî ýêñïåðèìåíòîâ ïðè äîñòàòî÷íî áîëüøîé âåðîÿòíîñòè
ïîÿâëåíèÿ ñîáûòèÿ A � âîñïîëüçóåìñÿ ëîêàëüíîé òåîðåìîé Ìóàâðà-Ëàïëàñà:

Pn,k = 1√
npqϕ(x0), x0 = k−np√

npq , ϕ(x) = 1√
2π
e−

x2

2
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

1. Ñîáûòèå íè ðàçó íå ïîÿâèòñÿ: k = 0

P (k = 0) = 1√
50·0.2·0.8ϕ( 0−50·0.2√

50·0.2·0.8 ) =

= 1
2
√
2
ϕ(− 10

2
√
2
) = 1

2
√
2
ϕ(−3.5) = 1

2
√
2
ϕ(3.5) =

= 1
2
√
2
· 1√

2π
e−

3.52

2 = 1
4
√
π
e−6.125 = 0.002

4
√
π

= 0.000282

2. Ñîáûòèå ïîÿâèòñÿ ìåíåå òðåõ ðàç: 0 ≤ k < 3

P (k < 3) = P (0 ≤ k ≤ 2) = Φ(2−10
2
√
2

)− Φ(−10
2
√
2
) ≈

≈ Φ(−2.82)− Φ(−3.54) = −0.49760 + 0.49981 = 0.00221

Îòâåò

1. P (k = 0) = 0.000282

2. P (k < 3) = 0.00221
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

2 Ñëó÷àéíûå âåëè÷èíû

2.1 Çàäà÷à 1 (âàðèàíò 10)

Íà äíå ðîæäåíèÿ Äæåéí òèíåéäæåðû çàòåÿëè ëþáèìóþ àìåðèêàíñêóþ èãðó:
ìåòàíèå òîðòîâ â èìåíèííèöó. Ðàçâëå÷åíèå ïðîäîëæàåòñÿ äî ïåðâîãî ïîïàäà-
íèÿ, ò.ê. Äæåéí, èçìàçàííàÿ òîðòîì, óáåãàåò ïåðåîäåâàòüñÿ, à ãîñòè ñúåäàþò
îñòàâøèåñÿ òîðòû. Âåðîÿòíîñòü ïîïàäàíèÿ òîðòà â èìåíèííèöó ïðè êàæäîì
áðîñêå ðàâíà p = 0.6. Íàéäèòå ðÿä ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ ÷èñëà
ñúåäåííûõ òîðòîâ, åñëè ðîäèòåëè Äæåéí çàãîòîâèëè ê ïðàçäíèêó Ì = 4 òîðòîâ,
ïîñòðîéòå ãðàôèê ôóíêöèè ðàñïðåäåëåíèÿ, íàéäèòå Mξ, Dξ.

Ðåøåíèå

Ðÿä ðàñïðåäåëåíèÿ Ïîñòðîèì ðÿä ðàñïðåäåëåíèÿ ξ ÷èñëà ñúåäåííûõ òîð-
òîâ. 0 ≤ ξ ≤ 3, òàê êàê îäèí èç òîðòîâ â ëþáîì ñëó÷àå ðàñõîäóåòñÿ íå ïî íàçíà-
÷åíèþ.

ξ 0 1 2 3

p 0.6 · 0.43 + 0.44 = 0.064 0.6 · 0.42 = 0.096 0.6 · 0.4 = 0.24 0.6

Ïðîâåðêà:
∑
pi = 0.064 + 0.096 + 0.24 + 0.6 = 1 � âåðíî

Òîãäà ôóíêöèÿ ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû ξ áóäåò çà-
ïèøåòñÿ ñëåäóþùèì îáðàçîì:

Fξ(x) = P (ξ < x) =



0, x < 0

0.064, 0 ≤ x < 1

0.16, 1 ≤ x < 2

0.4, 2 ≤ x < 3

1, x ≥ 3
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Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

Ãðàôèê ôóíêöèè ðàñïðåäåëåíèÿ Fξ(x)

Ìàòåìàòè÷åñêîå îæèäàíèå Mξ Ïî ðÿäó ðàñïðåäåëåíèÿ íàéäåì ìàò.
îæèäàíèå âåëè÷èíû ξ:

Mξ =

∞∑
n=1

ξipi = 0.096 + 2 · 0.24 + 3 · 0.6 = 2.376

Äèñïåðñèÿ Dξ Äàëåå íàéäåì äèñïåðñèþ âåëè÷èíû ξ:

Dξ = M(ξ2)− (Mξ)2 = 0.096 + 4 · 0.24 + 9 · 0.6− 2.3762 ≈ 0.81

Îòâåò

1. Mξ = 2.376

2. Dξ = 0.81
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2.2 Çàäà÷à 2 (âàðèàíò 10)

Óñòðîéñòâî ñîæåðæèò íåêîòîðîå êîëè÷åñòâî îäèíàêîâî íàäåæíûõ ýëåìåíòîâ,
êîòîðûå ìîãóò îòêàçûâàòü íåçàâèñèìî äðóã îò äðóãà ñ îäèíàêîâîé âåðîÿòíî-
ñòüþ. ξ � ñëó÷àéíàÿ âåëè÷èíà � ÷èñëî îòêàçàâøèõ ýëåìåíòîâ.

2.2.1 Ïîäçàäà÷à À

×èñëî ýëåìåíòîâ � N1 = 9, âåðîÿòíîñòü îòêàçà êàæäîãî ýëåìåíòà � p1 = 0.3.
Ñîñòàâèòü ðÿä ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ (â îáùåì âèäå). ÍàéòèMξ,
Dξ. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî îòêàæåò áîëåå 2-õ ýëåìåíòîâ?

Ðåøåíèå

Ðÿä ðàñïðåäåëåíèÿ Òàê êàê ýëåìåíòû îòêàçûâàþòò ñ ðàâíîé âåðîÿòíî-
ñòüþ íåçàâèñèìî äðóã îò äðóãà, âåëè÷èíà ξ ïîä÷èíÿåòñÿ áèíîìèàëüíîìó ðàñ-
ïðåäåëåíèþ, êîòîðîå â îáùåì âèäå áóäåò âûãëÿäåòü òàê:

ξ k

p Cknp
kqn−k = Ck9 0.3k0.79−k

Ìàòåìàòè÷åñêîå îæèäàíèå Ïðè áèíîìèàëüíîì ðàñïðåäåëåíèè ìàò. îæè-
äàíèå âû÷èñëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå, ãäå n = N1 = 9 è p = p1 = 0.3:

Mξ = np = 9 · 0.3 = 2.7

Äèñïåðñèÿ Äèñïåðñèÿ âû÷èñëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå, ãäå q = 1 −
p = 0.7:

Dξ = npq = Mξ · q = 2.7 · 0.7 = 1.89

Âåðîÿòíîñòü P âûõîäà èç ñòðîÿ > 2 ýëåìåíòîâ Íàéäåì âåðîÿòíîñòü
P (ξ ≤ 2) òîãî, ÷òî èç ñòðîÿ âûøëî 2 è ìåíüøå ýëåìåíòîâ:

P (ξ ≤ 2) = P9,0 + P9,1 + P9,2 =

= C0
9 · 0.30 · 0.79 + C1

9 · 0.31 · 0.78 + C2
9 · 0.32 · 0.77 =

12
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= 0.77(
9!

0!9!
· 0.72 +

9!

1!8!
· 0.3 · 0.7 +

9!

2!7!
· 0.32) =

= 0.0823543(0.49 + 1.89 + 3.24) ≈ 0.4628

Òîãäà èñêîìàÿ âåðîÿòíîñòü P (ξ > 2) âûõîäà èç ñòðîÿ áîëåå 2 ýëåìåíòîâ áóäåò
ðàâíà:

P (ξ > 2) = 1− P1 = 1− 0.4628 = 0.5372

Îòâåò

1. Mξ = 2.7

2. Dξ = 1.89

3. P (ξ > 2) = 0.5372

2.2.2 Ïîäçàäà÷à Á

×èñëî ýëåìåíòîâN2 = 800, âåðîÿòíîñòü îòêàçà p2 = 0.02. ÍàéòèMξ,Dξ. Êàêîâà
âåðîÿòíîñòü òîãî, ÷òî îòêàæåò õîòÿ áû îäèí ýëåìåíò?

Ðåøåíèå

Ðÿä ðàñïðåäåëåíèÿ Ïðè áîëüøîì êîëè÷åñòâå ýëåìåíòîâ è íèçêîé âåðî-
ÿòíîñòè îòêàçà êàæäîãî ýëåìåíòà äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ ïîä÷èíÿ-
åòñÿ ðàñïðåäåëåíèþ Ïóàññîíà:

ξ k

p αk

k! e
−α = 16k

k! e
−16

Ìàòåìàòè÷åñêîå îæèäàíèå Â ñëó÷àå ñ ðàñïðåäåëåíèåì Ïóàññîíà, ìàò.
îæèäàíèå ðàâíÿåòñÿ ïàðàìåòðó α = np:

Mξ = np = α = 16

Äèñïåðñèÿ Äèñïåðñèÿ ïðèáëèçèòåëüíî ðàâíà ìàò. îæèäàíèþ, òàê êàê âå-
ðîÿòíîñòü îòêàçà ýëåìåíòà êðàéíå ìàëà:

Dξ = npq = αq = 16 · 0.98 = 15.68
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Âåðîÿòíîñòü îòêàçà õîòÿ áû îäíîãî ýëåìåíòà Íàéäåì âåðîÿòíîñòü
P (ξ = 0) òîãî, ÷òî íè îäèí ýëåìåíò íå îòêàæåò:

P (ξ = 0) =
160

0!
e−16 = e−16 ≈ 0, 000000113

Òîãäà âåðîÿòíîñòü P (ξ > 0) îòêàçà õîòÿ áû îäíîãî ýëåìåíòà áóäåò ðàâíà

P (ξ > 0) = 1− P (ξ = 0) ≈ 0,999999887

Îòâåò

1. Mξ = 16

2. Dξ = 15.68

3. P (ξ > 0) = 0.999999887
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2.3 Çàäà÷à 3 (âàðèàíò 10)

Â óðíå íàõîäÿòñÿ áåëûå è ÷åðíûå øàðû. Èç óðíû èçâëåêàåòñÿ øàð, ôèêñèðóåòñÿ
åãî öâåò è øàð âîçâðàùàåòñÿ â óðíó. Øàð èçâëåêàåòñÿ äî ïåðâîãî ïîÿâëåíèÿ
ñîáûòèÿ À (÷èñëî èçâëå÷åíèé íåîãðàíè÷åííî). Ñîáûòèå À � ïîÿâëåíèå áåëîãî
øàðà. Â óðíå 15 áåëûõ è 5 ÷åðíûõ øàðîâ.

Ïîñòðîèòü ðÿä ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû ξ � ÷èñëà
èçâëå÷åííûõ øàðîâ. Íàéòè Mξ è Dξ. Íàéòè âåðîÿòíîñòü òîãî, ÷òî èçâëåêàëîñü
áîëåå ÷åòûðåõ øàðîâ.

Ðåøåíèå Âåðîÿòíîñòü íàñòóïëåíèÿ ñîáûòèÿ A â åäèíè÷íîì îïûòå ðàâíÿåòñÿ
îòíîøåíèþ êîëè÷åñòâà áåëûõ øàðîâ ê îáùåìó êîëè÷åñòâó: p = 15

20 = 0.75. Òàê
êàê øàðû ïîñëå èçâëå÷åíèÿ âîçâðàùàþòñÿ îáðàòíî, äàííàÿ âåðîÿòíîñòü îñòàåò-
ñÿ ïîñòîÿííîé.

Ðÿä ðàñïðåäåëåíèÿ Ïðè íåîãðàíè÷åííîì ïðîâåäåíèè îïûòà äî íàñòóï-
ëåíèÿ ñîáûòèÿ A ðàñïðåäåëåíèå äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû ξ ÿâëÿåòñÿ
ãåîìåòðè÷åñêèì:

ξ 1 2 3 ... k ...

p 0.75 0.25 · 0.75 0.252 · 0.75 ... 0.25k−1 · 0.75 ...

Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ Ïðè ãåîìåòðè÷åñêîì ðàñïðå-
äåëåíèè ìàò. îæèäàíèåMξ è äèñïåðñèÿ Dξ ðàñ÷èòûâàþòñÿ ïî ñëåäóþùèì ôîð-
ìóëàì:

Mξ =
1

p
=

1

0.75
=

4

3
≈ 1.33

Dξ =
q

p2
=

0.25

0.752
=

0.25

0.5625
≈ 0.44

Âåðîÿòíîñòü èçâëå÷åíèÿ áîëåå 4 øàðîâ Íàéäåì âåðîÿòíîñòü P (ξ ≤ 4)
òîãî, ÷òî èçâëå÷åíî 4 è ìåíüøå øàðîâ:

P (ξ ≤ 4) = 0.75(1 + 0.25 + 0.252 + 0.253) = 0.99609375

Òîãäà âåðîÿòíîñòü P (ξ > 4) áóäåò ðàâíà

P (ξ > 4) = 1− P (ξ ≤ 4) = 1− 0.99609375 ≈ 0.0039
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2.4 Çàäà÷à 4 (âàðèàíò 10)

Äàíà ôóíêöèÿ ðàñïðåäåëåíèÿ íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû F (x). Íàéòè
ïëîòíîñòü ðàñïðåäåëåíèÿ f(x), ïàðàìåòð À, âåðîÿòíîñòü ïîïàäàíèÿ íåïðåðûâ-
íîé ñëó÷àéíîé âåëè÷èíû â èíòåðâàë (α, β), ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåð-
ñèþ íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû. Ïîñòðîèòü ãðàôèêè f(x) è F (x).

F (x) =


0, x ≤ 0

Ax3, x ∈ (0; 2]

1, x > 2

; α = 1; β = 2

Ðåøåíèå

Ïëîòíîñòü ðàñïðåäåëåíèÿ f(x)

f(x) = F ′(x) =


0, x ≤ 0

3Ax2, x ∈ (0; 2]

0, x > 2

Ïàðàìåòð A

3A

ˆ 2

0

x2dx = Ax3|20 = 8A; 8A = 1; A =
1

8

Âåðîÿòíîñòü ïîïàäàíèÿ â èíòåðâàë (α, β)

P (ξ ∈ [1; 2]) =
1

8

ˆ 2

1

x3dx =
1

32
x4|21 =

1

32
(16− 1) =

15

32
= 0.46875

Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ

Mξ =
1

8

ˆ 2

0

x · x3dx =
1

40
x5|20 =

32

40
= 0.8

Dξ =
1

8

ˆ 2

0

x2 · x3dx =
1

48
x6|20 =

64

48
≈ 1.33
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Ãðàôèêè f(x) è F (x)

f(x) F (x)

Îòâåò

1. A = 1
8

2. P (ξ ∈ [1; 2]) = 0.46875

3. Mξ = 0.8

4. Dξ = 1.33
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2.5 Çàäà÷à 5 (âàðèàíò 10)

Íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà ðàñïðåäåëåíà ðàâíîìåðíî íà îòðåçêå [A, 9].
Ìàòåìàòè÷åñêîå îæèäàíèå ðàâíî M = 4. Íàéòè ïàðàìåòð ðàñïðåäåëåíèÿ A,
ôóíêöèþ ðàñïðåäåëåíèÿ, ïëîòíîñòü ðàñïðåäåëåíèÿ, ïîñòðîèòü ãðàôèêè ôóíê-
öèè ðàñïðåäåëåíèÿ è ïëîòíîñòè ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû. Íàéòè äèñ-
ïåðñèþ ñëó÷àéíîé âåëè÷èíû è âåðîÿòíîñòü ïîïàäàíèÿ â èíòåðâàë (−5, 7).

Ðåøåíèå

Ïàðàìåòð A

Mξ =
a+ b

2
;
A+ 9

2
= 4; A = −1

Ïëîòíîñòü ðàñïðåäåëåíèÿ f(x)

f(x) =


1
b−a = 0.1, x ∈ [−1, 9]

0, x 6∈ [−1, 9]

Ôóíêöèÿ ðàñïðåäåëåíèÿ F (x)

F (x) =


0, x < −1

0.1
´ x
−1 dx = 0.1(x+ 1), x ∈ [−1, 9]

1, x > 9

Ãðàôèêè ôóíêöèé f(x) è F (x)

f(x) F (x)
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Äèñïåðñèÿ

Dξ =
(b− a)2

12
=

100

12
≈ 8.33

Âåðîÿòíîñòü ïîïàäàíèÿ â èíòåðâàë (−5; 7)

P (ξ ∈ (−5; 7)) =
1

10

ˆ 7

−1
dx =

x

10
|7−1 =

8

10
= 0.8

Îòâåò

1. A = −1

2. Dξ = 8.33

3. P (ξ ∈ (−5; 7)) = 0.8
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2.6 Çàäà÷à 6 (âàðèàíò 10)

Íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ ðàñïðåäåëåíà ïî ïîêàçàòåëüíîìó çàêîíó
ñ ïàðàìåòðîì λ = 10. Íàéòè ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû
ξ, ôóíêöèþ ðàñïðåäåëåíèÿ, ïîñòðîèòü ãðàôèêè ýòèõ ôóíêöèé. Íàéòè ìàòåìà-
òè÷åñêîå îæèäàíèå, äèñïåðñèþ, ñðåäíåå êâàäðàòè÷åñêîå îòêëîíåíèå ñëó÷àéíîé
âåëè÷èíû ξ è âåðîÿòíîñòü òîãî, ÷òî ξ ïðèíèìàåò çíà÷åíèÿ, ìåíüøèå ñâîåãî ìà-
òåìàòè÷åñêîãî îæèäàíèÿ.

Ðåøåíèå

Ïëîòíîñòü ðàñïðåäåëåíèÿ f(x)

f(x) =

λe
−λx = 10e−10x, x ≥ 0

0, x < 0

Ôóíêöèÿ ðàñïðåäåëåíèÿ F (x)

F (x) =

1− e−λx = 1− e−10x, x ≥ 0

0, x < 0

Ãðàôèêè ôóíêöèé f(x) è F (x)

f(x) F (x)
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Ìàòåìàòè÷åñêîå îæèäàíèå, äèñïåðñèÿ è ñðåäíåêâàäðàòè÷åñêîå îò-
êëîíåíèå

Mξ =
1

λ
= 0.1

Dξ =
1

λ2
= 0.01

σξ =
1

λ
= 0.1

Âåðîÿòíîñòü P (ξ < Mξ)

P (ξ < 0.1) = −
ˆ 0.1

0

e−10xd(−10x) = −e−10x|0.10 =

= −e−1 + 1 ≈ −0.3679 + 1 = 0.6321

Îòâåò

1. Mξ = 0.1

2. Dξ = 0.01

3. σξ = 0.1

4. P (ξ < Mξ) = 0.6321
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2.7 Çàäà÷à 7 (âàðèàíò 10)

Èçìåðèòåëüíûé ïðèáîð íå èìååò ñèñòåìàòè÷åñêîé îøèáêè (m = 0). Ñëó÷àé-
íûå îøèáêè ðàñïðåäåëåíû ïî íîðìàëüíîìó çàêîíó, è ñ âåðîÿòíîñòüþ 0.8 îíè íå
ïðåâîñõîäÿò ïî àáñîëþòíîé âåëè÷èíå 12 ìì. Íàéòè ñðåäíþþ êâàäðàòè÷åñêóþ
îøèáêó.

Ðåøåíèå

P (|ξ −m| < 12) ≈ 2Φ(
12

σ
) = 0.8

Φ(
12

σ
) = 0.4

12

σ
≈ 1.3

σ ≈ 12

1.3
= 9.23

Îòâåò σ = 9.23
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2.8 Çàäà÷à 8 (âàðèàíò 10)

Ïðîâîäèòñÿ N = 50 ïîâòîðíûõ íåçàâèñèìûõ èñïûòàíèé. Ñîáûòèå À ïîÿâëÿåòñÿ
â êàæäîì èç èñïûòàíèé ñ âåðîÿòíîñòüþ p = 0.25. Íàéòè âå- ðîÿòíîñòü òîãî,
÷òî ñîáûòèå À ïîÿâèòñÿ îò m1 = 10 äî m2 = 20 ðàç. Ñêîëüêî íóæíî ïðîâåñòè
èñïûòàíèé, ÷òîáû âåðîÿòíîñòü îòêëîíåíèÿ îòíîñèòåëüíîé ÷àñòîòû ïîÿâëåíèÿ
ñîáûòèÿ À îò âåðîÿòíîñòè ýòîãî ñîáûòèÿ ìåíåå ÷åì íà 0.1 ïî àáñîëþòíîé âåëè-
÷èíå, áûëà ðàâíà 0.9?

Ðåøåíèå

P (10 ≤ ξ ≤ 20) = Φ(
20− 50 · 0.25√
50 · 0.25 · 0.75

)− Φ(
10− 50 · 0.25√
50 · 0.25 · 0.75

) =

= Φ(2.45)− Φ(−0.82) = 0.493 + 0.294 ≈ 0.787

P (|m
n
− p| ≤ 0.1) ≈ 2Φ(0.1

√
n

pq
) = 0.9

Φ(0.1

√
n

pq
) = 0.45; 0.1

√
n

pq
= 1.65;

√
n

pq
= 16.5;

n

pq
= 272.25

n = 272.25 · np = 272.25 · 50 · 0.25 = 3403.125 =⇒ n = 3404

Îòâåò

1. P (10 ≤ ξ ≤ 20) = 0.787

2. n = 3404
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3 Ñëó÷àéíûå âåêòîðû. Ôóíêöèÿ ñëó÷àéíîé âåëè-

÷èíû

3.1 Çàäà÷à 1 (âàðèàíò 10)

3.1.1 Ïîäçàäà÷à 1

Äàíî ðàñïðåäåëåíèå äâóìåðíîãî ñëó÷àéíîãî âåêòîðà (ξ, η) ñ äèñêðåòíûìè êîì-
ïîíåíòàìè.

ξ\η −2 1 2

−1 0.42 0.07 0.21

3 0.18 0.03 0.09

Òðåáóåòñÿ:

1. Íàéòè îäíîìåðíûå ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ξ è η, èõ ìàòåìàòè-
÷åñêèå îæèäàíèÿ Mξ, Mη è äèñïåðñèè Dξ, Dη.

2. Äîêàçàòü íåçàâèñèìîñòü ñëó÷àéíûõ âåëè÷èí ξ è η. Âû÷èñëèòü íåïîñðåä-
ñòâåííî èõ êîððåëÿöèîííûé ìîìåíò Kξη.

Ðåøåíèå

Îäíîìåðíûå ðàñïðåäåëåíèÿ ξ è η

ξ −2 1 2

p 0.6 0.1 0.3

η −1 3

p 0.7 0.3

Ìàòåìàòè÷åñêèå îæèäàíèÿ ξ è η

Mξ = −2 · 0.6 + 0.1 + 2 · 0.3 = −1.2 + 0.1 + 0.6 = −0.5

Mη = −0.7 + 3 · 0.3 = 0.2
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Äèñïåðñèè ξ è η

Dξ = 4 · 0.6 + 0.1 + 4 · 0.3− 0.25 = 3.45

Dη = 0.7 + 9 · 0.3− 0.04 = 3.36

Íåçàâèñèìîñòü ξ è η

ξi ηj P (ξ = ξi) · P (η = ηj) pij ξiηj

−2 −1 0.42 0.42 2

−2 3 0.18 0.18 −6

1 −1 0.07 0.07 −1

1 3 0.03 0.03 3

2 −1 0.21 0.21 −2

2 3 0.09 0.09 6

Òàê êàê âûïîëíÿåòñÿ óñëîâèå pij = P (ξ = ξi) · P (η = ηj) ∀i, j, ñëó÷àéíûå
âåëè÷èíû íåçàâèñèìû.

Êîðåëëÿöèîííûé ìîìåíò Kξη

ξη −6 −2 −1 2 3 6

p 0.18 0.21 0.07 0.42 0.03 0.09

M(ξη) = −6 · 0.18− 2 · 0.21− 0.07 + 2 · 0.42 + 3 · 0.03 + 6 · 0.09 = −0.1

Kξη = M(ξη)−Mξ ·Mη = −0.1 + 0.5 · 0.2 = 0

Îòâåò

1. Mξ = −0.5; Mη = 0.2

2. Dξ = 3.45; Dη = 3.36

3. Kξη = 0
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3.1.2 Ïîäçàäà÷à 2

Âû÷èñëèòü ìàòåìàòè÷åñêîå îæèäàíèåMθ è äèñïåðñèþ Dθ ñëó÷àéíîé âåëè÷èíû
θ äâóìÿ ñïîñîáàìè: íà îñíîâàíèè ñâîéñòâ ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñïåð-
ñèè è íåïîñðåäñòâåííî � ïî ðÿäó ðàñïðåäåëåíèÿ θ.

θ = −20ξ + 10η, ãäå ξ, η � äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû.

ξ\η −2 1 2

−1 0.42 0.07 0.21

3 0.18 0.03 0.09

Ðåøåíèå

Ðÿä ðàñïðåäåëåíèÿ θ

θ 30 70 −30 10 −50 −10

p 0.42 0.18 0.07 0.03 0.21 0.09

θ −50 −30 −10 10 30 70

p 0.21 0.07 0.09 0.03 0.42 0.18

Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ (ïî ñâîéñòâàì)

Mξ = −0.5; Mη = 0.2; Dξ = 3.45; Dη = 3.36

Mθ = M(−20ξ + 10η) = −20Mξ + 10Mη = 10 + 2 = 12

Dθ = D(−20ξ + 10η) = 400Dξ + 100Dη = 400 · 3.45 + 100 · 3.36 = 1716

Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ (ïî ðÿäó ðàñïðåäåëåíèÿ)

Mθ = −50 · 0.21− 30 · 0.07− 10 · 0.09 + 10 · 0.03 + 30 · 0.42 + 70 · 0.18 = 12

Dθ = 2500 · 0.21 + 900 · (0.07 + 0.42) + 100(0.09 + 0.03) + 4900 · 0.18− 122 = 1716
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3.2 Çàäà÷à 2 (âàðèàíò 10)

Äàíà ïëîòíîñòü ðàñïðåäåëåíèÿ íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû ξ fξ(x) =0, x < 0

5e−5x, x ≥ 0

. Íàéòè ïëîòíîñòü ðàñïðåäåëåíèÿ íåïðåðûâíîé ñëó÷àéíîé âå-

ëè÷èíû η = ϕ(ξ) = |2− ξ| è åå ìàòåìàòè÷åñêîå îæèäàíèå Mη.

Ðåøåíèå

y =

2− x, x ≤ 2

x− 2, x > 2

1. Äëÿ x ≤ 2: y = 2− x; ϕ−1(y) = 2− y

Fη1(y) = 5

ˆ +∞

2−y
e−5xdx = −e−5x|+∞2−y = e5y−10 =

e
5y−10, y ≤ 2

1, y > 2

fη1(y) =

5e5y−10, y ≤ 2

0, y > 2

2. Äëÿ x > 2: y = x− 2; ϕ−1(y) = y + 2

Fη2(y) = 5

ˆ y+2

−∞
e−5xdx = −e−5x|y+2

−∞ = −e−5y−10 =

0, y < −2

−e−5y−10, y ≥ −2

fη2(y) =

0, y < −2

5e−5y−10, y ≥ −2

3. Äëÿ âñåõ x:

fη(y) =
fη1(y) + fη2(y)

2
=

2.5e−10(e−5y + e5y), y ∈ [−2; 2]

0, y 6∈ [−2; 2]
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•
´
e−5xdx = − 1

5e
−5x

•
´
xe−5xdx =

∣∣∣∣∣∣ u = x du = dx

dv = e−5xdx v = − 1
5e
−5x

∣∣∣∣∣∣ = −x5 e
−5x+ 1

5

´
e−5xdx = − 5x+1

25 e−5x

Mη =

ˆ ∞
0

|2− x| · 5e−5xdx = 5

ˆ 2

0

(2− x)e−5xdx+ 5

ˆ ∞
2

(x− 2)e−5xdx =

= 10

ˆ 2

0

e−5x − 5

ˆ 2

0

xe−5xdx+ 5

ˆ ∞
2

xe−5xdx− 10

ˆ ∞
2

e−5xdx =

= −2e−10 + 2 +
11

5
e−10 − 1

5
+

11

5
e−10 − 2e−10 =

= (−4 +
22

5
)e−10 +

9

5
=

2 + 9e10

5e10

Îòâåò

1. fη(y) =

2.5e−10(e−5y + e5y), y ∈ [−2; 2]

0, y 6∈ [−2; 2]

2. Mη = 2+9e10

5e10
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3.3 Çàäà÷à 3 (âàðèàíò 10)

Ñëó÷àéíûé âåêòîð (ξ, η) ðàñïðåäåëåí ðàâíîìåðíî â îáëàñòè G, èçîáðàæåííîé
íà ðèñóíêå.

1. Íàéòè ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé êîìïîíåíò ñëó÷àéíîãî âåê-
òîðà è ðåøèòü âîïðîñ îá èõ çàâèñèìîñòè.

2. Âûÿñíèòü, êîððåëèðîâàíû ëè êîìïîíåíòû ñëó÷àéíîãî âåêòîðà (ξ, η).

3. Íàéòè P{(ξ, η) ∈ D}, ãäå D = {(x, y)|x2 + y2 ≤ 1}.

Ðåøåíèå

D :

−1 ≤ ξ ≤ η

ξ ≤ η ≤1

Ïëîòíîñòü ðàñïðåäåëåíèÿ ξ è η

fξ(x) =


1
b−a = 1

2 , x ∈ [−1, 1]

0, x 6∈ [−1, 1]

fη(y) =


1
b−a = 1

2 , y ∈ [−1, 1]

0, y 6∈ [1, 1]

fξη(x, y) =


1
2 , x ∈ [−1, y], y ∈ [x, 1]

0, x 6∈ [−1, y], y 6∈ [x, 1]

Ïðîâåðêà çàâèñèìîñòè

fξ(x) · fη(y) =


1
4 , x ∈ [−1, 1], y ∈ [−1, 1]

0, x 6∈ [−1, 1], y 6∈ [−1, 1]

6= fξη(x, y)⇒ çàâèñèìû

29



Òèïîâîé ðàñ÷åò âûïîëíèë: Äìèòðèé Êàðèõ (âàðèàíò 10), ãðóïïà ÈÑÁÎï-01-14

Êîðåëëÿöèÿ

Mξ =
a+ b

2
= 0; Mη = 0

kξη =

ˆ ∞
−∞

ˆ ∞
−∞

xy · fξη(x, y)dxdy −Mξ ·Mη =

=

ˆ 1

−1

ˆ y

−1

1

4
xy dx dy =

1

8

ˆ 1

−1
(y3 − y) dy =

= (
1

32
y4 − 1

16
y2)|1−1 = 0⇒ íå êîðåëëèðîâàíû

Âåðîÿòíîñòü ïîïàäàíèÿ â îáëàñòü D

P{(ξ, η) ∈ D} =

¨
D

fξη(x, y)dxdy =

=
1

2

ˆ 1

0

ρ

ˆ 5π
4

π
4

dϕdρ =
π

2

ˆ 1

0

ρdρ =
π

2
· ρ

2

2
|10 =

π

4
≈ 0.785
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4 �

5 Ñëó÷àéíûå ïðîöåññû

5.1 Çàäà÷à 1 (âàðèàíò 10)

Ñèñòåìà èìååò òðè ñîñòîÿíèÿ. Ïîñòðîèòü ãðàô ñîñòîÿíèé ñèñòåìû, íàïèñàòü
óðàâíåíèÿ Êîëìîãîðîâà è íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå. λij � ïëîòíîñòè
ïåðåõîäà.

λ12 λ13 λ21 λ23 λ31 λ32

3 0 1 0 2 1

Ðåøåíèå

Ãðàô ñîñòîÿíèé ñèñòåìû

Óðàâíåíèÿ Êîëìîãîðîâà

∂p1
∂t = −3p1 + p2 + 2p3

∂p2
∂t = 3p1 − p2 + p3

∂p3
∂t = −3p3

p1 + p2 + p3 = 1

;



−3p1 + p2 + 2p3 = 0

3p1 − p2 + p3 = 0

−3p3 = 0

p1 + p2 + p3 = 1
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
−3p1 + p2 = 0

p1 + p2 = 1

p3 = 0

;


−3p1 − p1 + 1 = 0

p2 = −p1 + 1

p3 = 0

;


p1 = 1

4

p2 = 3
4

p3 = 0

Îòâåò

1. P
∗

=
(

1
4

3
4 0

)
5.2 Çàäà÷à 2 (âàðèàíò 10)

Äàíà êîððåëÿöèîííàÿ ôóíêöèÿ è ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîãî ïðîöåñ-
ñà ξ(t). Íàéòè êîððåëÿöèîííóþ ôóíêöèþ, ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåð-
ñèþ ñëó÷àéíîãî ïðîöåññà η(t).

Kξ(t1, t2) = t31t
3
2 + cos 3t1 cos 3t2; Mξ(t) = et; η(t) = dξ

dt + sin 5t

Ðåøåíèå
Mη(t) = (et)′ + sin 5t = et + sin 5t

Kη(t1, t2) = ((t31t
3
2 + cos 3t1 cos 3t2)′t1)′t2 =

= (3t21t
3
2 − 3 sin 3t1 cos 3t2)′t2 = 9t21t

2
2 + 9 sin 3t1 sin 3t2

Dη(t) = Kη(t, t) = 9t4 + 9 sin2 3t

Îòâåò

1. Mη(t) = et + sin 5t

2. Kη(t1, t2) = 9t21t
2
2 + 9 sin 3t1 sin 3t2

3. Dη(t) = 9t4 + 9 sin2 3t
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5.3 Çàäà÷à 3 (âàðèàíò 10)

Íàéòè êîððåëÿöèîííóþ ôóíêöèþ è äèñïåðñèþ ñëó÷àéíîãî ïðîöåññà ξ(t), åñëè
îí çàäàí êàíîíè÷åñêèì ðàçëîæåíèåì. Äèñïåðñèè ñëó÷àéíûõ âåëè÷èí Dξi = Di.

ξ(t) D1 D2 D3

ξ1 + ξ2te
2t + 3iξ3 cos t 3 1 2

Ðåøåíèå

Kξ(t1, t2) =

3∑
i=1

ϕi(ti)ϕi(t2)Di = 3 + t1t2e
2t1e2t2 + 9 cos t1 cos t2

Dξ(t) = Kξ(t, t) = 3 + t2e4t + 9 cos2 t

Îòâåò

1. Kξ(t1, t2) = 3 + t1t2e
2t1e2t2 + 9 cos t1 cos t2

2. Dξ(t) = 3 + t2e4t + 9 cos2 t

33


