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×àñòü I

Ëåêöèÿ 1 (08.02.16)

1. Ïðåïîäàâàòåëü: Ðóäåíñêàÿ Èðèíà Íèêîëàåâíà

2. Èíôîðìàöèÿ î ñåìåñòðå:

(a) Â êîíöå ñåìåñòðà ýêçàìåí

(b) Äâå êîíòðîëüíûå (ïîòîêîâûå)

(c) Òèïîâîé ðàñ÷åò

(d) Äâå çà÷òåííûå êîíòðîëüíûå + òèïîâîé ðàñ÷åò � áîíóñû íà ýêçàìåíå

3. Ñïèñîê ëèòåðàòóðû:

(a) Ïèñüìåííûé � Êóðñ ïî òåîðèè âåðîÿòíîñòåé, ìàòåìàòè÷åñêîé ñòàòè-
ñòèêå è ñëó÷àéíûì ïðîöåññàì

(b) Ãìóðìàí Â.È. � Òåîðèÿ âåðîÿòíîñòåé; Ðóêîâîäñòâî ê ðåøåíèþ çàäà÷
ïî òåîðèè âåðîÿòíîñòåé

(c) Ôåëëåð � Òåîðèÿ âåðîÿòíîñòåé

1 Îïðåäåëåíèå âåðîÿòíîñòè

1. Ñëó÷àéíûì îïûòîì íàçîâåì îïûò, ðåçóëüòàò êîòîðîãî íå âïîëíå îäíî-
çíà÷íî îïðåäåëåí.

(a) Ðåçóëüòàò ñëó÷àéíîãî îïûòà íàçîâåì ñëó÷àéíûì ñîáûòèåì (A,B,C).

2. Ïðåäïîëîæèì, ÷òî îïûò âûïîëíÿåòñÿ n ðàç. Òîãäà:

(a) µA � ÷àñòîòà ïîÿâëåíèÿ ñîáûòèÿ A

(b) µA
n � îòíîñèòåëüíàÿ ÷àñòîòà ïîÿâëåíèÿ ñîáûòèÿ A

(c) µA
n ≈ 0.5

3. Ñòàòèñòè÷åñêîå îïðåäåëåíèå âåðîÿòíîñòè: Åñëè ñîáûòèå A îáëàäàåò ñâîé-
ñòâîì ñòàòèñòè÷åñêîé óñòîé÷èâîñòè (îòíîñèòåëüíàÿ ÷àñòîòà åãî, ïðè
áîëüøîì n, êîëåáëåòñÿ îêîëî îïðåäåëåííîãî ÷èñëà), òî ýòî ÷èñëî ìîæíî
íàçâàòü âåðîÿòíîñòüþ ñîáûòèÿ A.

1



Àâòîð êîíñïåêòà: Äìèòðèé Êàðèõ (karikh.d@gmail.com), ãðóïïà ÈÑÁÎï-01-14

4. Ω = {ω1, ω2, ..., ωn} � ìíîæåñòâî âåðîÿòíûõ èñõîäîâ îïûòà

(a) ωi � âñåâîçìîæíûå, ðàâíîâîçìîæíûå, âçàèìîèñêëþ÷àþùèå èñõîäû
îïûòà.

(b) A = {ωi1, ωi2, ..., ωim}
i. ωij � áëàãîïðèÿòíûå èñõîäû (ïðè êîòîðûõ ñîáûòèå A îáÿçàòåëü-
íî ïðîèçîéäåò)

5. Êëàññè÷åñêîå îïðåäåëåíèå âåðîÿòíîñòè: P (A) = m
n � âåðîÿòíîñòü ñîáûòèÿ

A

(a) m � ÷èñëî áëàãîïðèÿòíûõ èñõîäîâ

(b) n � ÷èñëî âñåâîçìîæíûõ èñõîäîâ

1.1 Îïåðàöèè íàä ñîáûòèÿìè è êëàññèôèêàöèÿ ñîáûòèé

1. A � äîñòîâåðíîå ñîáûòèå, åñëè ïðè äàííûõ óñëîâèÿõ îíî îáÿçàòåëüíî
ïðîèçîéäåò. (P (A) = 1)

2. A � íåâîçìîæíîå ñîáûòèå, åñëè ïðè äàííûõ óñëîâèÿõ îíî íèêàê íå
ïðîèçîéäåò. (P (A) = 0)

3. A � ñëó÷àéíîå ñîáûòèå, åñëè îíî ìîæåò ïðîèçîéòè èëè íå ïðîèçîéòè.
(0 < P (A) < 1)

4. Îïåðàöèè:

(a) Ñóììà ñîáûòèé (A+B, A∪B, ¾ÈËÈ¿)
(b) Ïðîèçâåäåíèå ñîáûòèé (AB, A ∩B, ¾È¿)
(c) Îòðèöàíèå ñîáûòèÿ (A, ¾ÍÅ¿)

(d) Âû÷èòàíèå ñîáûòèé (A\B) � ýëåìåíòû A, êîòîðûå íå âõîäÿò â B

5. Ñâîéñòâà îïåðàöèé:

(a) Êîîììóòàòèâíîñòü: A+B = B +A

(b) Àññîöèàòèâíîñòü: (A+B) + C = A+ (B + C)

(c) Äèñòðèáóòèâíîñòü: (A+B)C = AC +BC

(d) Äâîéíîå îòðèöàíèå: A = A

(e) Çàêîíû äå Ìîðãàíà: A+B = A ∗B; A ∗B = A+B
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(f) A+ Ø = A, AØ = Ø, A+ Ω = Ω, A+A = Ω, AΩ = A, AA = Ø

6. Ïðèìåð 1: Äâà ñòðåëêà ïðîèçîâîäÿò ïî äâà âûñòðåëà.

(a) A1 � ïîïàäàíèå ïåðâîãî ñòðåëêà

(b) A2 � ïîïàäàíèå âòîðîãî ñòðåëêà

(c) A = A1A2 +A1A2 � ïîïàäàíèå îäíîãî ñòðåëêà

7. A è B íå ñîâìåñòíû, åñëè ïîÿâëåíèå A èñêëþ÷àåò ïîÿâëåíèå ñîáûòèÿ B
è íàîáîðîò. (AB = Ø)

8. A1, A2, ..., An ñîñòàâëÿþò ïîëíóþ ãðóïïó, åñëè â äàííûõ óñëîâèÿõ õîòÿ-
áû îäíî èç íèõ îáÿçàòåëüíî ïðîèçîéäåò. (

∑n
i=1Ai = Ω)

9. Ω = {ω1, ω2, ..., ωn}� ðàâíîâåðîÿòíûå, íåñîâìåñòíûå ñîáûòèÿ, îáðàçóþùèå
ïîëíóþ ãðóïïó.

10. Ñâîéñòâà âåðîÿòíîñòåé:

(a) P (A) ≥ 0

(b) P (Ω) = 1

(c) P (A) ≤ 1

(d) Åñëè A è B íåñîâìåñòíû, òî P (A + B) = P (A) + P (B) =⇒ P (A) =
1− P (A)

11. Ω = {ω1, ..., ωn}, ωi � íåñîâìåñòíîå ñîáûòèå, îáðàçóþùåå ïîëíóþ ãðóïïó

(a) ωi → p(ωi) = pi > 0:
∑n
i=1 pi = 1

(b) p: A→ [0, 1]

(c) Âåðîÿòíîÿòü ñîáûòèÿ A: p(A) =
∑
ωi∈A p(ωi)

1.2 Ýëåìåíòû êîìáèíàòîðèêè

1. Ïðèíöèïû:

(a) Ïðèíöèï ñëîæåíèÿ: Åñëè îáúåêò A âûáèðàåòñÿ n ñïîñîáàìè, à îáúåêò
B � m äðóãèìè ñïîñîáàìè, òî A+B âûáèðàåòñÿ m+ n ñïîñîáàìè

(b) Ïðèíöèï óìíîæåíèÿ: Åñëè îáúåêò A âûáèðàåòñÿ n ñïîñîáàìè è ïî-
ñëå âûáîðà A âûáèðàåòñÿ îáúåêò B � m äðóãèìè ñïîñîáàìè, òî AB
âûáèðàåòñÿ mn ñïîñîáàìè.
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2. Ïåðåñòàíîâêè èç n ýëåìåíòîâ � óïîðÿäî÷åííûå ìíîæåñòâà èç n ýëåìåíòîâ
Pn = n! = 1 · 2 · 3 · ... · n; n! ∼

√
2πn(nl )n

(a) Ïðèìåð 1: Ñîáðàíèå ñî÷èíåíèé èç 5 êíèã ñëó÷àéíî âûñòàâëÿåòñÿ íà
ïîëêå. Íàéòè âåðîÿòíîñòü òîãî, ÷òî êíèãè ðàññòàâÿòñÿ ïî ïîðÿäêó.

i. P (A) = m
n = 1

P5
= 1

5! = 1
120

(b) Ïðèìåð 2: Çà êðóãëûì ñòîëîì ðàññàæèâàþòñÿ 10 ÷åëîâåê. Íàéòè âå-
ðîÿòíîñòü òîãî, ÷òî äâà îïðåäåëåííûõ ÷åëîâåêà îêàæóòñÿ ðÿäîì.

i. P (A) = m
n = 20·8!

10! = 20
9·10 = 2

9

3. Ñî÷åòàíèå èç n ýëåìåíòîâ ïîm� ðàçëè÷íûå íåóïîðÿäî÷åííûå n-ýëåìåíòíûå
ïîäìíîæåñòâà ìíîæåñòâà èç m ýëåìåíòîâ.

(a) Cmn = n!
m!(n−m)! � ÷èñëî ñî÷åòàíèé

(b) Ïðèìåð 3: Â ãðóïïå 20 ÷åëîâåê, 15 ìàëü÷èêîâ, 5 äåâî÷åê. Ðàñ÷èòàòü
êîëè÷åñòâî âîçìîæíûõ ïàð.

i. ì + ä = 15 · 5 = 75

ii. ì + ì = C2
15 = 15!

2!13! = 15 · 7 = 105

iii. Âñåãî: 75 + 105 = 180

4. Ðàçìåùåíèå èç n ýëåìåíòîâ ïîm� ðàçëè÷íûå óïîðÿäî÷åííûå n-ýëåìåíòíûå
ïîäìíîæåñòâà ìíîæåñòâà èç m ýëåìåíòîâ.

(a) Amn = n!
(n−m)! = Cmn Pm

(b) Ïðèìåð 4: Ñêîëüêî äâóçíà÷íûõ ÷èñåë ìîæíî ñîñòàâèòü èç öèôð 1,2,3,4
(öèôðû íå ïîâòîðÿþòñÿ)?

i. A2
4 = 4!

2! = 12

(c) Ïðèìåð 5: ×åëîâåê çàáûë òðè öèôðû òåëåôîííîãî íîìåðà è íàáðàë
èõ íàóãàä. Íàéòè âåðîÿòíîñòü òîãî, ÷òî íîìåð íàáðàí ïðàâèëüíî, åñëè
à) öèôðû íå ïîâòîðÿþòñÿ, á) öèôðû ìîãóò ïîâòîðÿòüñÿ.

i. P (A) = m
n = 1

A3
10

= 1
10·9·8

ii. P (B) = m
n = 1

103
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1.2.1 Çàäà÷à î âûáîðêå (ÒÐ �1)

1. Ïîñòàíîâêà çàäà÷è:

(a) Èìååòñÿ N ýëåìåíòîâ, èç êîòîðûõ M ñ êàêèì-òî ïðèçíàêîì

(b) Ñëó÷àéíûì îáðàçîì âûáèðàþòñÿ K ýëåìåíòîâ

(c) Íàéòè âåðîÿòíîñòü, ÷òî ñðåäè íèõ L ýëåìåíòîâ ñ ýòèì ïðèçíàêîì

2. Ðåøåíèå: P (A) =
CLMC

K−L
N−M

CKN

3. Ïðèìåð 1: Èç 36 êàðò ñäàåòñÿ 5. Íàéòè âåðîÿòíîñòü, ÷òî áóäóò à) 2 êîðîëÿ
è 2 äàìû, á) õîòÿ áû 1òóç.

(a) P (A) =
C2

4C
2
4C

1
28

C5
36

= 1
374

(b) Ïåðåéäåì ê B � íè îäíîãî òóçà

i. P (B) =
C0

4C
5
32

C5
36

ii. P (B) = 1− P (B) ≈ 0, 47

4. Cnn = C0
n = 1

5. Cn−1
n = C1

n = n

6. 0! = 1

×àñòü II

Ñåìèíàð 1 (12.02.16)

1. Ïðåïîäàâàòåëü: Êóçíåöîâà Åêàòåðèíà Þðüåâíà

2. Èíôîðìàöèÿ î ñåìåñòðå:

(a) Ïîòîêîâûå êîíòðîëüíûå

(b) Òèïîâîé ðàñ÷åò

3. P = m
n � âåðîÿòíîñòü ñîáûòèÿ

(a) m � áëàãîïðèÿòíûå èñõîäû
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(b) n � âñåâîçìîæíûå èñõîäû

4. Ïðèìåðû:

(a) Êàðòî÷êè ïîîäïèñàíû îò 1 äî 10. Âûòàñêèâàåòñÿ êàðòî÷êà. Ðàñ÷èòàòü
âåðîÿòíîñòü òîãî, òî ÷èñëî êðàòíî 5.

i. P = 6
30

(b) Äâà êóáèêà. Âåðîÿòíîñòü, ÷òî âûïàäåò ñóììà â 9 î÷êîâ.

i. P = 4
36

(c) Áðîñàþò äâå ìîíåòû.

i. Âåðîÿòíîñòü, ÷òî âûïàäåò äâå ðåøêè: P = 1
4

ii. Âåðîÿòíîñòü, ÷òî âûïàäåò õîòÿ-áû îäíà ðåøêà: P = 3
4

(d) Âåðîÿòíîñòü òîãî, ÷òî â äâóçíà÷íîì ÷èñëå áóäóò äâå îäèíàêîâûõ öèô-
ðû: P = 9

90 = 1
10

(e) ¾Äèôôåðåíöèàë¿ � âåðîÿòíîñòü òîãî, ÷òî âûáðàííàÿ áóêâà - ãëàñíàÿ:
P = 5

12

(f) Äâà êóáèêà. ×òî âåðîÿòíåå: ñóììà 7 èëè 8?

i. P7 = 6
36 = 1

6

ii. P8 = 5
36

iii. Âåðîÿòíåå ïîëó÷èòü â ñóììå 7

5. Ôîðìóëû êîìáèíàòîðèêè:

(a) Pn = n! � êîëè÷åñòâî ïåðåñòàíîâîê ìíîæåñòâà èç n ýëåìåíòîâ

(b) Ckn = n!
k!(n−k)! � ÷èñëî ñî÷åòàíèé (íåóïîðÿäî÷åííûõ)

(c) Akn = k!Ckn = n!
(n−k)! � ÷èñëî ðàçìåùåíèé (ïîðÿäîê ó÷èòûâàåòñÿ)

6. Ïðèìåðû:

(a) Â êîðîáêå 6 ïðîíóìåðîâàííûõ êàðòî÷åê. Êàêîâà âåðîÿòíîñòü, ÷òî
êàðòî÷êè áóäóò âûáðàíû â ïðàâèëüíîì ïîðÿäêå?

i. P = 1
P6

= 1
6! = 1

720

(b) Ñêîëüêèìè ñïîñîáàìè ìîæíî âûáðàòü òðè ëèöà íà òðè äîëæíîñòè èç
10 êàíäèäàòîâ?

i. P =
A3

10P3

P10
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(c) Êðóãëûé ñòîë. Ãðóïïà èç 8 ÷åëîâåê. Êàêàÿ âåðîÿòíîñòü òîãî, ÷òî 2
÷åëîâåêà îêàæóòñÿ ðÿäîì?

i. P = 8·2·P6

P8

(d) Ïðÿìîé ñòîë. Ãðóïïà èç 8 ÷åëîâåê. Êàêàÿ âåðîÿòíîñòü òîãî, ÷òî 2
÷åëîâåêà îêàæóòñÿ ðÿäîì?

i. P = 7·2·P6

P8

(e) 12 ñòóäåíòîâ. Äâîå çàíèìàþò î÷åðåäü. Êàêîâà âåðîÿòíîñòü, ÷òî ìåæ-
äó íèìè 5 ÷åëîâåê?

i. P = 6·2·P10

P12
= 1

11

(f) 5 ïðîíóìåðîâàííûõ êàðòî÷åê. Êàêîâà âåðîÿòíîñòü êîìáèíàöèè 1,2,3?

i. P = 1
A3

5
= 2!

5! = 1
5·4·3 = 1

60

(g) 5 ïðîíóìåðîâàííûõ êàðòî÷åê. Âåðîÿòíîñòü êîìáèíàöèè áåç òðîéêè.

i. P =
A3

4

A3
5

= 2
5

(h) 5 ïðîíóìåðîâàííûõ êàðòî÷åê. Âåðîÿòíîñòü ïîëó÷èòü ÷åòíîå ÷èñëî.

i. P =
2·A2

4

A3
5

= 2
5

7. Çàäà÷à î âûáîðêå P =
Ckm·C

n−k
N−m

CnN

(a) 10 ýëåìåíòîâ, ñðåäè êîòîðûõ 7 ñòàíäàðòíûõ. Âûáèðàåòñÿ 6. Âåðîÿò-
íîñòü òîãî, ÷òî ñðåäè íèõ 4 ñòàíäàðòíûõ.

i. P =
C4

7 ·C
2
3

C6
10

= 7!3!6!4!
4!3!2!1!10! = 3·4·5·6

8·9·10 = 1
2

(b) 25 ÷åëîâåê, ñðåäè íèõ 10 äåâóøåê. Ðàçûãðûâàåòñÿ 5 áèëåòîâ íà êîí-
öåðò. Âåðîÿòíîñòü òîãî, ÷òî ñðåäè ïîáåäèòåëåé 2 äåâóøêè.

i. P =
C2

10C
3
15

C5
25

= 10!15!5!20!
2!8!3!12!25! = 13·14·15·9·10·4·5

21·22·23·24·25·2 ≈ 0, 39

(c) 15 êðàñíûõ, 9 ãîëóáûõ, 6 çåëåíûõ øàðîâ. Âûíèìàþò 6. Âåðîÿòíîñòü
êîìáèíàöèè 1 çåëåíûé, 2 ãîëóáûõ, 3 êðàñíûõ.

i. P =
C1

6C
2
9C

3
15

C6
30

= 6!9!15!6!24!
5!2!7!3!12!30! = 6·13·14·15·4·5·6·7·8·9

7·25·26·27·28·29·30 = 6·8
5·2·2·29·3 ≈ 0, 17

(d) 3 ñòóäåíòà ïåðâîãî êóðñà, 5 âòîðîãî êóðñà, 7 òðåòüåãî êóðñà. 5 ìåñò.

i. Âåðîÿòíîñòü âûáîðà òîëüêî ñòóäåíòîâ 3 êóðñà.

A. P =
C5

7

C5
15

=
7!

5!2!
15!

5!10!

= 7!5!10!
5!2!15! = 3∗4∗5∗6∗7

11∗12∗13∗14∗15
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ii. Âåðîÿòíîñòü òîãî, ÷òî íå âûáðàíî íè îäíîãî âòîðîêóðñíèêà

A. P =
C5

10

C5
15

= 10!5!10!
15!5!5! = 10∗9∗8∗7∗6

15∗14∗13∗12∗11 ≈ 0, 08

iii. Õîòÿ-áû îäèí âòîðîêóðñíèê

A. P = 1− 0, 08 = 0, 92

8. Ãåîìåòðè÷åñêàÿ âåðîÿòíîñòü

(a) Îòðåçîê äëèíû 5. Ñòàâèòñÿ òî÷êà. Êàêîâà âåðîÿòíîñòü, ÷òî òî÷êà
ïîïàäåò â ïîñëåäíþþ òðåòü îòðåçêà?

i. P =
5
3

5 = 1
3

(b) Êâàäðàò, âïèñàííûé â êðóã. Ñòàâèòñÿ òî÷êà â êðóã. Âåðîÿòíîñòü ïî-
ïàäàíèÿ â êâàäðàò.

i. P = S�
SÎ

= 2r2

πr2 = 2
π

(c) Íà îòðåçîê äëèíû L áðîøåíû äâå òî÷êè C è B. Âåðîÿòíîñòü òîãî,
÷òî äëèíà CB < L

2 .

i. C(x), B(y)

A. x < y

B. y − x < L
2

ii. x < y < x+ L
2

iii. P (CB < L
2 ) = S1

S =
3
8L

2

L2

2

= 3
4

×àñòü III

Ëåêöèÿ 2 (15.02.16)

1.3 Ãåîìåòðè÷åñêèå âåðîÿòíîñòè

1. Îïðåäåëåíèå

(a) Ïóñòü:

i. Èìååòñÿ îòðåçîê AB äëèíîé L è âíóòðè íåãî îòðåçîê A′B′ äëèíîé
l

ii. Âûïîëíÿþòñÿ àêñèîìû:

A. Òî÷êà îáÿçàòåëüíî ïîïàäåò íà [AB]
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B. Âåðîÿòíîñòü ïîïàäàíèÿ òî÷êè íà [A′B′] íå çàâèñèò îò ðàñïî-
ëîæåíèÿ [A′B′], à òîëüêî îò åãî äëèíû

C. Òî÷êà íå ìîæåò ïîïàñòü îäíîâðåìåííî íà äâà íåïåðåñåêàþ-
ùèõñÿ îòðåçêà

(b) Òîãäà:

i. P (ò ∈ [A′B′]) = l
L = |A′B′|

|AB| � âåðîÿòíîñòü ïîïàäàíèÿ òî÷êè íà

îòðåçîê [A′B′]

ii. P (ò ∈ d) = Sd
SD

� âåðîÿòíîñòü ïîïàäàíèÿ òî÷êè â îáëàñòü d, ïðè-
íàäëåæàùóþþ îáëàñòè D

iii. P (ò ∈ d) = Vd
VD

� âåðîÿòíîñòü ïîïàäàíèÿ òî÷êè â îáúåì d, ïðè-
íàäëåæàùèé îáúåìó D

(c) Ïðè ýòîì:

i. P (A) ≥ 0

ii. P (Ω) = 1

iii. P [(ò ∈ [A′B′]) + (ò ∈ [A′′B′′]) = P (ò ∈ [A′B′]) + P (ò ∈ [A′′B′′]);
[A′B′] ∩ [A′′B′′] = ø

2. Ïðèìåðû:

(a) Â êóá áðîøåíà òî÷êà. Íàéòè âåðîÿòíîñòü òîãî, ÷òî îíà ïîïàäåò âî
âïèñàííûé â êóá øàð.

i. P (A) = Vø
Vê

=
4
3πr

3

a3 =
4
3πr

3

9r3 = π
6

(b) Çàäà÷à î âñòðå÷å: Äâà ñòóäåíòà õîäÿò îáåäàòü â X è âðåìÿ ïðèõîäà
èõ â X ðàâíîâîçìîæíî ñ 12 äî 13 ÷àñîâ. Êàæäûé èç íèõ îáåäàåò 15
ìèíóò. Íàéòè âåðîÿòíîñòü òîãî, ÷òî îíè âñòðåòÿòñÿ.

i. Ïîñòðîèì ñèñòåìó êîîðäèíàò:

A. x � âðåìÿ ïðèõîäà ïåðâîãî ñòóäåíòà

B. y � âðåìÿ ïðèõîäà âòîðîãî ñòóäåíòà

C. Ïðåäåëû îò 0 äî 60 (0 ≤ x ≤ 60; 0 ≤ y ≤ 60)

ii. Âàðèàíòû áëàãîïðèÿòíûõ èñõîäîâ:

A. Ïåðâûé ñòóäåíò ïðèõîäèò ïåðâûì

{
x < y

y − x < 15

{
y > x

y < x+ 15

B. Âòîðîé ñòóäåíò ïðèõîäèò âåðâûì

{
y < x

x− y < 15

{
y < x

y > x− 15

9
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C. Îáà ïðèøëè îäíîâðåìåííî x = y

iii. P (A) = Sò
Sê

= 602−452

602 = 1− 9
16 = 7

16

(c) Çàäà÷à Áþôôîíà: Ïëîñêîñòü ðàñ÷åð÷åíà ïàðàëëåëüíûìè ëèíèÿìè
íà ðàññòîÿíèè a äðóã îò äðóãà è íà ýòó ïëîñêîñòü áðîñàåòñÿ èãîëêà
äëèíîé l < a. Íàéòè âåðîÿòíîñòü òîãî, ÷òî èãîëêà ïåðåñå÷åò êàêóþ-
ëèáî ëèíèþ.

i. Ââåäåì ñèñòåìó êîîðäèíàò:

A. x � ðàññòîÿíèå îò öåíòðà èãîëêè äî áëèæàéøåé ïðÿìîé 0 ≤
x ≤ a

2

B. ϕ � îñòðûé óãîë ñ ïðÿìîé 0 ≤ ϕ ≤ π
2

C. x < l
2 sinϕ � óñëîâèå ïåðåñå÷åíèÿ èãîëêè è ïðÿìîé

ii. P (A) = Sò
Sï

=
´ π

2
0

l
2 sinϕdϕ
a
2 ·
π
2

=
− l

2 cosϕ|
π
2
0

aπ
4

= 2l
πa

1.4 Òåîðåìû ñëîæåíèÿ è óìíîæåíèÿ

1. Òåîðåìà ñëîæåíèÿ

(a) P (A+B) = P (A) + P (B), åñëè A è B íåñîâìåñòíû (AB = ø)

(b) P (A+B) = P (A) + P (B)− P (AB), åñëè A è B ñîâìåñòíû

(c) Åñëè A1, A2, ..., An íåñîâìåñòíû, òî P (
∑n
i=1Ai) =

∑n
i=1 P (Ai)

(d) Åñëè A1, A2, ..., An ñîâìåñòíû, òî

i. P (
∑n
i=1Ai) =

∑n
i=1 P (Ai)−

∑
1≤i<j≤n P (AiAj)+

+
∑

1≤i<j<k≤n P (AiAjAk)− ...+ (−1)n+1P (A1A2...An)

ii. n = 3: P (A+B + C) = P (A) + P (B) + P (C)−
−P (AB)− P (AC)− P (BC) + P (ABC)

2. Óñëîâíîé âåðîÿòíîñòüþ P (A/B) íàçîâåì âåðîÿòíîñòü A, âû÷èñëåííóþ
ïðè óñëîâèè, ÷òî ñîáûòèå B óæå ïðîèçîøëî

(a) Ïðèìåð: Â àóäèòîðèè n ñòóäåíòîâ, nB � þíîøè, nA � êóðÿùèå, nAB
� êóðÿùèå þíîøè. Ñëó÷àéíî âûçâàííûé ñòóäåíò îêàçàëñÿ þíîøåé.
Íàéòè âåðîÿòíîñòü òîãî, ÷òî îí êóðèò.

i. P (A/B) = nAB
nB

= nAB
n · n

nB
= P (AB) · 1

P (B)

(b) P (A/B) =


0, åñëè AB=ø

1, åñëè B ⊂ A
P (AB)
P (B) , â îñòàòî÷íûõ ñëó÷àÿõ

10



Àâòîð êîíñïåêòà: Äìèòðèé Êàðèõ (karikh.d@gmail.com), ãðóïïà ÈÑÁÎï-01-14

3. Òåîðåìà óìíîæåíèÿ: P (AB) = P (A/B) · P (B) = P (B/A) · P (A) (èç
îïðåäåëåíèÿ óñëîâíîé âåðîÿòíîñòè)

4. A íå çàâèñèò îò B, åñëè ïîÿâëåíèå B íå èçìåíÿåò âåðîÿòíîñòü ïîÿâëåíèÿ
ñîáûòèÿ A.

(a) Åñëè A íå çàâèñèò îò B, òî P (AB) = P (A) · P (B)

(b) Ñëåäñòâèå: Åñëè A íå çàâèñèò îò B, òî B íå çàâèñèò îò A =⇒ A è B
íåçàâèñèìû =⇒ A è B, A è B, A è B òîæå íåçàâèñèìû.

5. Ïðèìåðû:

(a) Èç 10 øàðîâ 3 áåëûõ. A è B áåðóò ïî îäíîìó øàðó. Íàéòè âåðîÿòíîñòü
P (A), P (B), P (A/B)

i. P (A) = 3
10

ii. P (B) = 3
10

iii. P (A/B) = 2
9

iv. P (A) 6= P (A/B) =⇒ A è B � çàâèñèìûå ñîáûòèÿ

6. ÑîáûòèÿA1, A2, ..., An íåçàâèñèìû â ñîâîêóïíîñòè, åñëè ∀i1, i2, ..., ik P (Ai1 , Ai2 , ..., Aik) =∏l
i=1 P (Aij)

(a) Èç ïîïàðíîé íåçàâèñèìîñòè íå ñëåäóåò íåçàâèñèìîñòü â ñîâîêóïíîñòè

(b) P (
∏n
i=1Ai) =

∏n
i=1 P (Ai)

7. Ïðèìåðû:

(a) Áðîñàþòñÿ äâå ìîíåòû. Ñîáûòèÿ: A� ãåðá íà ïåðâîé ìîíåòå,B � ãåðá
íà âòîðîé ìîíåòå, C � ãåðá íà îäíîé ìîíåòå. Ðàñ÷èòàòü âåðîÿòíîñòü
ýòèõ ñîáûòèé.

i. P (A) = 1
2

ii. P (B) = 1
2

iii. P (C) = 2
4 = 1

2

iv. P (AB) = 1
4 = P (A) · P (B) � íåçàâèñèìû

v. P (AC) = 1
4 = P (A) · P (C) � íåçàâèñèìû

vi. P (BC) = 1
4 = P (B) · P (C) � íåçàâèñèìû

vii. P (ABC) = 0 6= P (A)·P (B)·P (C) � íåçàâèñèìîñòè â ñîâîêóïíîñòè
íåò
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(b) Òðè óðíû, â êàæäîé èç êîòîðûé 4 áåëûõ è 6 ÷åðíûõ øàðîâ. Èç ïåðâîé
óðíû âî âòîðóþ ïåðåáðàñûâàåòñÿ 1 øàð. Èç âòîðîé óðàíû â òðåòüþ
ïåðåêëàäûâàåòñÿ 1 øàð. Èç òðåòüåé óðíû èçâëåêàåòñÿ 1 øàð. Íàéòè
âåðîÿòíîñòü òîãî, ÷òî âñå òðè øàðà áóäóò áåëûìè.

i. Âñïîìîãàòåëüíûå ñîáûòèÿ:

A. A1 � èç ïåðâîé óðíû èçâëå÷åí áåëûé øàð

B. A2 � èç âòîðîé óðíû èçâëå÷åí áåëûé øàð

C. A3 � èç òðåòüåé óðíû èçâëå÷åí áåëûé øàð

ii. A = A1A2A3

iii. P (A) = P (A1) · P (A2/A1) · P (A3/A1A2) = 4
10 ·

5
11 ·

5
11 = 10

121

(c) Äâà ñòðåëêà ñòðåëëÿþò ïî ìèøåíÿì. Ïåðâûé ñòðåëîê âûñòðåëèë 2
ðàçà, âòîðîé � 1 ðàç. Âåðîÿòíîñòü ïîïàäàíèÿ ïåðâîãî ñòðåëêà = 0, 7,
âòîðîãî = 0, 8. Íàéòè âåðîÿòíîñòè ñîáûòèé: A � îäíî ïîïàäàíèå, B
� õîòÿ-áû îäíî ïîïàäàíèå.

i.

I I II ïîïàäàíèÿ

+ + +
+ + -
+ - +
+ - - îäíî
- + +
- + - îäíî
- - + îäíî
- - - íè îäíîãî

ii. Ñîáûòèå A:

A. A = A1A1A3 +A1A1A2 +A1A1A2

B. P (A) = P (A1)(1− P (A1))(1− P (A2))+
+(1− P (A1))P (A1)(1− P (A2)+
+(1− P (A1))2P (A2) =
= 0, 7 · 0, 3 · 0, 2 + 0, 3 · 0, 7 · 0, 2 + (0, 3)2 · 0, 2

iii. Ñîáûòèå B: ðàññìîòðèì ñîáûòèå B � íèêòî íå ïîïàë

A. P (B) = (1− P (B)) =
= 1− (1− P (A1))2(1− P (A2)) = 1− 0, 32 · 0, 2

(d) Âåðîÿòíîñòü ïîîÿâëåíèÿ õîòÿ-áû îäíîãî èç n íåçàâèñèìûõ ñîáûòèé

i. P (
∑n
i=1Ai) = 1− P (A1A2...An) = 1−

∏n
i=1 P (Ai)
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×àñòü IV

Ñåìèíàð 2 (26.02.16)

1. Çàäà÷à î âñòðå÷å (3.2.(b))

2. Ñëîæåíèå è óìíîæåíèå âåðîÿòíîñòåé

(a) P (A+B) = P (A) + P (B)− P (A ·B) � ¾ÈËÈ¿

(b) P (A ·B) = P (A) · P (B/A) = P (B) · P (A/B) � ¾È¿

i. P (B/A) � âåðîÿòíîñòü ñîáûòèÿ B ïðè óñëîâèè, ÷òî ñîáûòèå A
óæå íàñòóïèëî

3. Ïðèìåðû:

(a) Â óðíå 40 øàðèêîâ: 15 ãîëóáûõ, 5 çåëåíûõ, 20 áåëûõ.

i. P (1á) = 20
40

ii. P (1ã + 1ç) = P (1ã) + P (1ç) = 15
40 + 5

40 = 20
40

iii. P =
C′20C

0
20

C′40

iv. P (2ç) = 5
40 ·

4
39

(b) Äâà ñòðåëêà äåëàþò âûñòðåë.P1 = 0, 85, P2 = 0, 8 � âåðîÿòíîñòè ïî-
ïàäàíèÿ. Íàéòè âåðîÿòíîñòü ïîðàæåíèÿ ìèøåíè.

i. P = P1 + P2 − P1 · P2 = 0, 85 + 0, 8− 0, 85 · 0, 8 = 0, 97

ii. P = P1 · P2 + P1 · P2 + P1P2

iii. P = 1− P1P2

(c) 8 êðàñíûõ øàðîâ, 6 ãîëóáûõ. Ïîñëåäîâàòåëüíî áåç âîçâðàùåíèÿ èç-
âëåêàþò 3 øàðà.

i. P (3ã) = 6
14 ·

5
13 ·

4
12

ii. P (3ã) =
C3

6 ·C
0
8

C3
14

(d) 3 ñòðåëêà. P1 = 0, 6, P2 = 0, 7, P3 = 0, 8.

i. P (1ï) = P1P2P3 + P1P2P3 + P1P2P3 ≈ 0, 2

ii. P (2ï) = P1P2P3 + P1P2P3 + P1P2P3 ≈ 0, 45

iii. P (2ï + 3ï) = P (2ï) + P1P2P3 ≈ 0.8

(e) 3 ÿùèêà, â êàæäîì 30 äåòàëåé. Â ïåðâîì 27 ñòàíäàðòíûõ, âî âòîðîì
� 28, â òðåòüåì � 25. Èç êàæäîãî âûíèìàþò ïî 1 äåòàëè.
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i. Âåðîÿòíîñòü òîãî, ÷òî âñå òðè � ñòàíäàðòíûå P = 27
30 ·

28
30 ·

29
30

(f) Äâå êîðîáêè: 2ã, 3ê, 5ç è 4ã, 2ê, 4ç. Èç êàæäîé âûòàñêèâàþò ïî îäíîìó

i. P (1öâåò) = 2
10 ·

4
10 + 3

10 ·
2
10 + 5

10 ·
4
10 = 17

50 = 0, 34

(g) Ðàáî÷èé îáñëóæèâàåò 4 ñòàíêà. Âåðîÿòíîñòü îòêàçà â òå÷åíèå ÷àñà
P = 0, 6

i. Âåðîÿòíîñòü òîãî, ÷òî âûéäóò èç ñòðîÿ âñå ñòàíêè: P1 = P 4 = 0, 64

ii. Õîòÿ-áû îäèí ñòàíîê âûéäåò èç ñòðîÿ: P2 = 1− (0.4)4

iii. Ñëîìàþòñÿ ðîâíî äâà ñòàíêà: P3 = 0, 62 ·0, 42 ·C2
4 = 6 ·0, 36 ·0, 16 ≈

0.35

(h) 3 íåçàâèñèìûõ èñïûòàíèÿ. Âåðîÿòíîñòü âîçíèêíîâåíèÿ ñîáûòèÿ A
õîòÿ-áû 1 ðàç P1 = 0, 973. Íàéòè âåðîÿòíîñòü P ïîÿâëåíèÿ ñîáûòèÿ
A òîëüêî â îäíîì èñïûòàíèè.

i. P1 = 1− P 3 = 1− 0, 027 ≈ 0, 7

4. Âåðîÿòíîñòü ðàáîòû èëè îòêàçà ñõåì

(a) Ïîñëåäîâàòåëüíîå ñîåäèíåíèå:

i. P = p1p2

ii. Q = 1− p1p2

(b) Ïàðàëëåëüíîå ñîåäèíåíèå:

i. P = 1− q1q2

ii. Q = q1q2

5. Ïðèìåðû:

(a) p1 −

{
p2

p1

− p2

i. P = p1 · p2 · (1− q1q2)

(b)

{
p1

p2

−

{
p3

p4

i. P = (1− q1q2)(1− q3q4)

(c)


p1

p2

p3 − p4
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i. P = 1− q1q2(1− p3p4)

(d)

{
p1

p2 − p2

−

{
p2 − p1

p2 − p1

i. P = (1− q1(1− p2
2))(1− (1− p1p2)2)

(e)

p1 −

{
p2

p3

−

p4 −−−−−
|−

i. P = 1− (1− p1(1− q2q3))q4

6. Ôîðìóëà ïîëíîé âåðîÿòíîñòè:

(a) P (A) = P (H1) · P (A/H1) + ...+ P (Hn) · P (A/Hn)

(b)
∑
P (Hi) = 1

i. Hi � ãèïîòåçà

7. Ïðèìåðû:

(a) Â öåõå ñòàíêè 3 òèïîâ. Ïåðâûé òèï ïðîèçâîäèò 30% ïðîäóêöèè, âòî-
ðîãî � 25%, òðåòüåãî � 45%. Ïðîöåíò áðàêà ïåðâîãî òèïà 2%, âòîðîãî
� 1%, òðåòüåãî � 3%. Íàéòè âåðîÿòíîñòü áðàêà ñëó÷àéíî âûáðàííîé
äåòàëè.

i. H1 � äåòàëü ïåðâîãî òèïà
H2 � âòîðîãî òèïà
H3 � òðåòüåãî òèïà

ii. P (H1) = 0, 3
P (H2) = 0, 25
P (H3) = 0, 45

iii. A � âûáðàííà áðàêîâàííàÿ äåòàëü

iv. P (A/H1) = 0, 02
P (A/H2) = 0, 01
P (A/H3) = 0, 03

v. P (A) = P (H1)P (A/H1) +P (H2)P (A/H2) +P (H3)P (A/H3) ≈ 0, 02
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×àñòü V

Ëåêöèÿ 3 (29.02.16)

1.5 Âû÷èñëåíèå íàäåæíîñòè ñõåìû

1. Íàäåæíîñòü ñõåìû � âåðîÿòíîñòü åå ðàáîòû çà âðåìÿ t.

(a) pi � íàäåæíîñòü i-ãî ýëåìåíòà

(b) Ñîáûòèå A � ñõåìà ðàáîòàåò

(c) Ýëåìåíòû îòêàçûâàþò íåçàâèñèìî äðóã îò äðóãà

2. Ïîñëåäîâàòåëüíîå ñîåäèíåíèå: p(A) = p1p2...pn

3. Ïàðàëëåëüíîå ñîåäèíåíèå: P (A) = 1−P (A) = 1−(1−p1)(1−p2)...(1−pn) =
1− q1q2...qn

(a) qi � îòêàç i-ãî ýëåìåíòà

4. Ïðèìåðû

(a)


p1 p2

p2

p1 p1

−

{
p2p2p1

p1

−

i. P (A) = P (1− (1− p1p2)(1− p2)(1− p2
1))P (1− (1− p2

2p1)(1− p1))

1.6 Ñõåìà ãèïîòåç. Ôîðìóëà ïîëíîé âåðîÿòíîñòè

1. Ïóñòü:

(a) Ñîáûòèå A çàâèñèò îò íåêîòîðûõ íà÷àëüíûõ óñëîâèé, êîòîðûå çàäà-
þòñÿ ñîáûòèÿìè H1, H2, ...,Hn, êîòîðûå íàçûâàþòñÿ ãèïîòåçàìè.

(b) Ãèïîòåçû � íåñîâìåñòíûå ñîáûòèÿ (HiHJ = ø∀i 6= j
∑n
i=1Hi = Ω)

(c) Âåðîÿòíîñòü âñåõ ãèïîòåç èçâåñòíà

2. Òîãäà:

(a) P (A) =
∑n
i=1 P (A/Hi)P (Hi) � ôîðìóëà ïîëíîé âåðîÿòíîñòè

3. Äîêàçàòåëüñòâî:

16



Àâòîð êîíñïåêòà: Äìèòðèé Êàðèõ (karikh.d@gmail.com), ãðóïïà ÈÑÁÎï-01-14

(a) A = AΩ = A
∑
Hi =

∑n
i=1AHi

(b) Òàê êàê HiHj = ø∀i 6= j, AHiAHj = ø

(c) P (A) = P (
∑n
i=1AHi) =

∑n
i=1 P (AHi) =

∑n
i=1 P (A/Hi)P (Hi)

4. Ïóñòü ñîáûòèå A ïðîèçîøëî. Òîãäà P (Hk/A) = P (A/Hk)P (Hk)∑n
i=1 P (A/Hi)P (Hi)

� ôîð-

ìóëà Áàéåñà

(a) P (AHk) = P (A)P (Hk/A) =⇒ P (Hk/A) = P (AHk)
P (A) = P (A/Hk)P (Hk)

P (A)

5. Ïðèìåð:

(a) Íà ïîòîêå 3 ãðóïïû ñòóäåíòîâ. Âî 2-é ãðóïïå ñòóäåíòîâ â 2 ðàçà áîëü-
øå, ÷åì â 1-é, à â 3-é â 1.5 ðàçà áîëüøå, ÷åì â 1-é. Â 1-é ãðóïïå 10%
äâîå÷íèêîâ, âî 2-é � 30% è â 3-é � 25%. Ñëó÷àéíûì îáðàçîì âûçû-
âàåòñÿ 1 ñòóäåíò. 1) Íàéòè âåðîÿòíîñòü òîãî, ÷òî îí � äâîå÷íèê. 2)
Âûçâàííûé ñòóäåíò îêàçàëñÿ äâîå÷íèêîì. Êàêîâà âåðîÿòíîñòü òîãî,
÷òî îí èç âòîðîé ãðóïïû?

i. Ãèïîòåçû:

A. H1 � âûçâàí ñòóäåíò èç 1-é ãðóïïû

B. H2 � èç 2-é

C. H3 � èç 3-é

ii. Âåðîÿòíîñòè ãèïîòåç:
∑
P (Hi) = 1

A. P (H1) = x
4.5x = 2

9

B. P (H2) = 4
9

C. P (H3) = 1
3

iii. Ñîáûòèÿ:

A. A � âûçâàí äâîå÷íèê

B. P (A/H1) = 0.1

C. P (A/H2) = 0.3

D. P (A/H3) = 0.25

iv. Ðåøåíèå:

A. P (A) = P (A/H1)P (H1) + P (A/H2)P (H2) + P (A/H3)P (H3) =
= 2

9 · 0.1 + 4
9 · 0.3 + 1

3 · 0.25 ≈ 0.24

B. P (H2/A) = P (A/H2)P (H2)
P (A) =

4
9 ·0.3
0.24 = 0.55

(b) Còóäåíò çíàåò 5 áèëåòîâ èç 25. Êàêàÿ âåðîÿòíîòü âçÿòü íóæíûé áèëåò
âûøå: åñëè îí áåðåò áèëåò ïåðâûì èëè âòîðûì?
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i. Ñîáûòèÿ:

A. A � ñòóäåíò âçÿë íóæíûé áèëåò ïåðâûì

B. B � ñòóäåíò âçÿë íóæíûé áèëåò âòîðûì

ii. Ðåøåíèå:

A. P (A) = 5
25 = 1

5

B. H1 � ïåðâûé ñòóäåíò âçÿë íóæíûé áèëåò
H2 � ïåðâûé ñòóäåíò íå âçÿë íóæíûé áèëåò

C. P (H1) = 1
5

P (H2) = 4
5

D. P (B/H1) = 4
24

P (B/H2) = 5
24

E. P (B) = 1
5 ·

4
24 + 4

5 ·
5
24 = 24

120 = 1
5

(c) Â êîìíàòå 4 àêâàðèóìà. Â 1-ì àêâàðèóìå 2 èç 10 ðûáîê � çîëîòûå, â 2-
ì � 3 èç 12, â 3-ì � 0 çîëîòûõ, â 4-ì � 5 èç 15. Ñëó÷àéíûì îáðàçîì
èç îäíîãî èç àêâàðèóìîâ âûëàâëèâàåòñÿ ðûáêà. Íàéòè âåðîÿòíîñòü
òîãî, ÷òî îíà çîëîòàÿ.

i. Ñîáûòèÿ:

A. A � âûëîâëåíà çîëîòàÿ ðûáêà

ii. Ãèïîòåçû:

A. H1 � ðûáêó âûëîâèëè èç 1-ãî àêâàðèóìà

B. H2 � èç 2-ãî

C. H3 � èç 3-ãî

D. H4 � èç 4-ãî

iii. Âåðîÿòíîñòè ãèïîòåç:

A. P (H1) = P (H2) = P (H3) = P (H4) = 1
4

iv. Âåðîÿòíîñòè:

A. P (A/H1) = 2
10

B. P (A/H2) = 3
12

C. P (A/H3) = 0

D. P (A/H4) = 5
15

v. Ðåøåíèå:

A. P (A) = 1
4 · 0.2 + 1

4 · 0.25 + 1
4 · 0.33 =

= 1
4 (0.2 + 0.25 + 0.33) = 0.78

4 ≈ 0.2
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1.7 Ïîâòîðíûå íåçàâèñèìûå èñïûòàíèÿ. Ñõåìà Áåðíóëëè

1. Ïóñòü:

(a) Ýêñïåðèìåíò ïîâòîðÿåòñÿ n ðàç.

(b) P1, ..., Pn � ðåçóëüòàòû îïûòîâ (íåçàâèñèìûå)

(c) Â êàæäîì îïûòå ìîæåò ïîÿâèòüñÿ ñîáûòèå A ñ âåðîÿòíîñòüþ p è ìî-
æåò íå ïîÿâèòüñÿ ñ âåðîÿòíîñòüþ q = 1− p.

2. Òîãäà:

(a) Pn,k = Cknp
kqn−k � ôîðìóëà Áåðíóëëè � âåðîÿòíîñòü òîãî, ÷òî ñîáû-

òèå A ïîÿâèòñÿ k ðàç èç n.

3. Ïðèìåðû

(a) Ïî êàíàëó ñâÿçè ïåðåäààåòñÿ 5 ñîîáùåíèé, êàæäîå èç êîòîðûõ èñêà-
æàåòñÿ ñ âåðîÿòíîñòüþ 0.3. Íàéòè âåðîÿòíîñòü ñëåäóþùèõ ñîáûòèé:
B � èñêàæåíî 3 ñîîáùåíèÿ; C � èñêàæåíî õîòÿ-áû îäíî ñîîáùåíèå;
D � íå ìåíåå 4 ñîîáùåíèé íå èñêàæåíî.

i. n = 5; A � èñêàæåíèå ñèãíàëà; P (A) = p = 0.3

ii. P (B) = P5,3 = C3
5 (0.3)3(0.7)2 ≈ 0.13

iii. P (C) = 1− P (C) = 1− P5,0 = 1− C0
5 (0.3)0(0.7)5 = 1− 0.75 ≈ 0.83

iv. P (D) = P5,0 + P5,1 = C0
5 (0.3)0(0.7)5 + C1

5 (0.3)1(0.7)4

4. Ïðèáëèæåííàÿ ôîðìóëà: Pn,k ≈ αk

k! e
−α, α = np ≤ 10 � ôîðìóëà Ïóàññîíà

5. Ïðèìåðû

(a) Òåëåôîííàÿ ñòàíöèÿ îáñëóæèâàåò 1000 àáîíåíòîâ. Âåðîÿòíîñòü âûçî-
âà ëþáîãî èç àáîíåíòîâ çà âðåìÿ t � 0.002. Íàéòè âåðîÿòíîñòü, ÷òî
çà âðåìÿ t: B � áóäåò òðè âûçîâà; C � íå ìåíåå òðåõ âûçîâîâ; D �
îò 2 äî 4 âûçîâîâ.

i. n = 1000; A � âûçîâ àáîíåíòà; P (A) = p = 0.002; α = np = 2

ii. P (B) = P1000,3 = 23

3! e
−2 = 4

3e
−2

iii. P (C) = 1− P (k < 3) = 1− (P (k = 0) + P (k = 1) + P (k = 2)) =

= 1− 20

0! e
−2 − 2!

1!e
−2 − 22

2! e
−2 = 1− 5e−2

iv. P (D) = P (k = 2) + P (k = 3) + p(k = 4) =

= 22

2! e
−2 + 23

3! e
−2 + 24

4! e
−2 = e−2(2 + 4

3 + 2
3 ) = 4e−2
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6. Ëîêàëüíàÿ òåîðåìà Ìóàâðà-Ëàïëàñà: Pn,k ≈ 1√
npqϕ(x0); x0 = k−np√

npq ; ϕ(x) =

1√
2π
e−

x2

2 � ôóíêöèÿ Ãàóññà; npq > 10

7. Ïðèìåðû

(a) Ìîíåòó áðîñàþò 100 ðàç. Íàéòè âåðîÿòíîñòü òîãî, ÷òî ãåðá âûïàäåò
45 ðàç.

i. n = 100; A � âûïàäàåò ãåðá; P (A) = p = 0.5; q = 0.5

ii. npq = 100 · 0.5 · 0.5 = 25

iii. P100,45 = 1√
100·0.5·0.5ϕ(−1) = 1

5ϕ(−1) = ϕ(1)
5 ≈ 0.242

5 ≈ 0.05

A. x0 = 45−100·0.5√
100·0.5·0.5 = −1

×àñòü VI

Ñåìèíàð 3 (11.03.16)

1. Â óðíå áûëî 2 øàðà. Òóäà îïóñòèëè áåëûé øàð, ïîòîì âûòàùèëè îäèí.
Âåðîÿòíîñòü òîãî, ÷òî îí îêàçàëñÿ áåëûì.

(a) A � âûòàùèëè áåëûé øàð

(b) Ãèïîòåçû:

i. H1 � â óðíå íå áûëî áåëûõ øàðîâ

ii. H2 � â óðíå áûë îäèí áåëûé øàð

iii. H3 � â óðíå áûëî äâà áåëûõ øàðà

(c) Âåðîÿòíîñòè ãèïîòåç:

i. P (H1) = P (H2) = P (H3) = 1
3

(d) Âåðîÿòíîñòè:

i. P (A/H1) = 1
3

ii. P (A/H2) = 2
3

iii. P (A/H3) = 3
3

(e) P (A) = 1
3 ·

1
3 + 1

3 ·
2
3 + 1

3 ·
3
3 = 2

3

2. Òðè ñòàíêà. Âåðîÿòíîñòè áðàêà P1 = 0.02, P2 = 0.03, P3 = 0.04. Ïðîèçâîäè-
òåëüíîñòü ïåðâîãî ñòàíêà â òðè ðàçà áîëüøå âòîðîãî, ïðîèçâîäèòåëüíîñòü
òðåòüåãî â 2 ðàçà ìåíüøå âòîðîãî. Ñîáûòèå A � âçÿòàÿ äåòàëü îêàçàëàñü
áðàêîâàííîé. Íàéòè âåðîÿòíîñòü P (H1/A) òîãî, ÷òî îíà âûïóùåíà ïåðâûì
ñòàíêîì.
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(a) Ãèïîòåçû:

i. P (A/H1) = 0.02

ii. P (A/H2) = 0.03

iii. P (A/H3) = 0.04

(b) Äîëè ïðîäóêöèè:

i. Ïåðâûé: 6x; P (H1) = 6
9

ii. Âòîðîé: 2x; P (H2) = 2
9

iii. Òðåòèé: x; P (H3) = 1
9

(c) P (H1/A) =
6
9 ·0.02

6
9 ·0.02+ 2

9 ·0.03+ 1
9 ·0.04

= 6
11

3. Äâå óðíû ñ øàðàìè. Â ïåðâîé: 2 ãîëóáûõ, 6 êðàñíûõ; âî âòîðîé: 4 ãîëó-
áûõ, 2 êðàñíûõ. Èç ïåðâîé óðíû âî âòîðóþ ïåðåêëàäûâàþòñÿ äâà øàðà,
çàòåì èç âòîðîé äîñòàåòñÿ îäèí øàð. Íàéòè âåðîÿòíîñòü P (A) òîãî, ÷òî
îí ãîëóáîé.

(a) Ãèïîòåçû:

i. H1 � ïåðåëîæèëè 1 êðàñíûé è 1 ãîëóáîé

ii. H2 � ïåðåëîæèëè 2 êðàñíûõ

iii. H3 � ïåðåëîæèëè 2 ãîëóáûõ

(b) Âåðîÿòíîñòè ãèïîòåç:

i. P (H1) = 2 · 6
8 ·

2
7 = 24

56

ii. P (H2) = 6
8 ·

5
7 = 30

56

iii. P (H3) = 2
8 ·

1
7 = 2

56

(c) Âåðîÿòíîñòè:

i. P (A/H1) = 5
8

ii. P (A/H2) = 4
8

iii. P (A/H3) = 6
8

(d) P (A) = 24
56 ·

5
8 + 30

56 ·
4
8 + 2

56 ·
6
8 = 15

56 + 15
56 + 3

56 = 33
56

(e) P (H3/A) =
2
56 ·

6
8

33
56

= 0.048

4. Ïî øîññå åäóò ìàøèíû. Ñîîòíîøåíèå ãðóçîâûõ ê ëåãêîâûì = 3
2 . Âåðîÿò-

íîñòü òîãî, ÷òî çàïðàâêè ïîòðåáóåò ãðóçîâàÿ ìàøèíà: 0.1; ëåãêîâàÿ: 0.2. Ê
çàïðàâêå ïîäúåçæàåò ìàøèíà. Âåðîÿòíîñòü P (A) òîãî, ÷òî îíà ãðóçîâàÿ.
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(a) Ãèïîòåçû:

i. H1 � ãðóçîâàÿ

ii. H2 � ëåãêîâàÿ

(b) Âåðîÿòíîñòè ãèïîòåç:

i. P (H1) = 3
5

ii. P (H2) = 2
5

(c) Âåðîÿòíîñòè:

i. P (A/H1) = 0.1

ii. P (A/H2) = 0.2

(d) P (H1/A) =
3
5 ·0.1

3
5 ·0.1+ 2

5 ·0.2
= 0.06

0.14 = 3
7

5. Ñõåìà íåçàâèñèìûõ èñïûòàíèé

(a) Íàéòè âåðîÿòíîñòü òîãî, ÷òî èç 100 âûñòðåëîâ ñòðåëîê ïîïàäàåò 80
ðàç.

i. k = 80; n = 100; p = 0.75

ii. P 80
100(A) ≈ 1√

100·0.75·0.25
ϕ( 80−100·0.75√

100·0.75·0.25
) = 1

4.3 · ϕ(1.15) = 1
4.3 · 0.21 ≈

0.05

iii. P100(k ≥ 80) = P100(80 ≤ k ≤ 100) = Φ( 100−100·0.75√
100·0.75·0.25

)−Φ( 80−100·0.75√
100·0.75·0.25

) =

= Φ( 2.5
4.3 )− Φ( 5

4.3 ) = Φ(5.8)− Φ(1.2) ≈ 0.5− 0.385 = 0.115

(b) Âåðîÿòíîñòü îïå÷àòêè â êíèãå: 0.01. Êîëè÷åñòâî ñèìâîëîâ: 1000. Íàé-
òè âåðîÿòíîñòü 3-õ îïå÷àòîê.

i. P 3
1000 = 103

3! e
−10 = 0.008

ii. P1000(k < 3) = P1000(0) + P1000(1) + P1000(2) = e−10 + 10 · e−10 +
102e−10

2 = 0.003

×àñòü VII

Ëåêöèÿ 4 (14.03.16)

2 Ñëó÷àéíûå âåëè÷èíû

1. Îïðåäåëåíèå: Ñëó÷àéíàÿ âåëè÷èíà � âåëè÷èíà, êîòîðàÿ â ðåçóëüòàòå
ñëó÷àéíîãî îïûòà ïðèíèìàåò ÷èñëîâûå çíà÷åíèÿ.
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2. Îïðåäåëåíèå: Ñëó÷àéíîé âåëè÷èíîé ξ íàçîâåì ôóíêöèþ, ïåðåâîäÿùóþ
ïðîñòðàíñòâî ñëó÷àéíûõ èñõîäîâ íà ÷èñëîâóþ ïðÿìóþ ξ : Ω→ R òàê, ÷òî
∀ω ∈ Ω ξ(ω) ∈ R; ∀x ∈ R îïðåäåëåíà âåðîÿòíîñòü P (ξ < x).

3. Îïðåäåëåíèå: Ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ: Fξ(x) =
P (ξ < x)∀x ∈ R ðàâíà âåðîÿòíîñòè òîãî, ÷òî ξ ïðèíèìàåò çíà÷åíèÿ ìåíüøå
ëþáîãî íàïåðåä çàäàííîãî ÷èñëà x.

4. Ñâîéñòâà ôóíêöèè ðàñïðåäåëåíèÿ:

(a) Fξ(x) íå óáûâàåò

i. x1 < x2

ii. Fξ(x2) = P (ξ < x2) = P{(ξ < x1) ∪ (ξ ∈ [x1, x2])} =
= P (ξ < x1) + P (ξ ∈ [x1, x2]) =⇒ Fξ(x2) ≥ Fξ(x1)

(b) Fξ(x)→ 0 ïðè x→ −∞; Fξ(x)→ 1 ïðè x→∞
i. 0 ≤ Fξ(x) ≤ 1

(c) P (a ≤ ξ < b) = Fξ(b)− Fξ(a)

i. Èç ñâîéñòâà 1: P (ξ ∈ [x1, x2]) = Fξ(x2)− Fξ(x1)

(d) Fξ(x) íåïðåðûâíà ñëåâà

5. Ñëåäñòâèå: P (ξ = a) =

{
0 åñëè F â òî÷êå a íåïðåðûâíà

âåëè÷èíà ñêà÷êà åñëè F â òî÷êå a èìååò ðàçðûâ

2.1 Äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû

1. Îïðåäåëåíèå: ξ íàçûâàåòñÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíîé (ÄÑÂ),
åñëè îíà ïðèíèìàåò êîíå÷íîå (ñ÷åòíîå) ìíîæåñòâî çíà÷åíèé.

(a) Çíà÷åíèÿ ξ1, ..., ξn ñëó÷àéíîé âåëè÷èíû ξ íåñîâìåñòíû è ñîñòàâëÿþò
ïîëíóþ ãðóïïó.

(b) P (ξ = ξk) = P (ω : ξ(ω) = ξk

2. Îïðåäåëåíèå: Ðÿäîì ðàñïðåäåëåíèÿ ÄÑÂ ξ íàçîâåì òàáëèöó, â âåðõíåé
ñòðîêå êîòîðîé áóäóò âñå çíà÷åíèÿ ξ, à â íèæíåé � ñîîòâåòñòâóþùèå èì
âåðîÿòíîñòè.

(a)
ξ1 ... ξn

p1 ... pk
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3. Ïðèìåð: Èìåþòñÿ òðè ïðîíóìåðîâàííûõ øàðà. Èçâëåêàþòñÿ äâà øàðà.
Ïîñòðîèòü ðÿä ðàñïðåäåëåíèÿ ÄÑÂ ξ ñóììû î÷êîâ íà èçâëå÷åííûõ øàðàõ.
Ïîñòðîèòü ãðàôèê ôóíêöèè ðàñïðåäåëåíèÿ Fξ(x) è íàéòè âåðîÿòíîñòü, ÷òî
ñóììà î÷êîâ áóäåò íå áîëåå 4.

(a)
ξ 3 4 5

p 1
3

1
3

1
3

(b) Fξ(x) = P (ξ < x) =


0 x ≤ 3
1
3 3 < x ≤ 4
2
3 4 < x ≤ 5

1 x > 5

(c) P (ξ ≤ 4) = P (ξ = 3) + P (ξ = 4) = 2
3

4. Îïðåäåëåíèå: η = ϕ(ξ) � ôóíêöèÿ ñëó÷àéíîé âåëè÷èíû ξ, åñëè îíà
ñàìà ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé è âåðîÿòíîñòè ñîõðàíÿþòñÿ.

(a)
ϕ(ξ1) ... ϕ(ξn)

p1 ... pn

2.1.1 ×èñëîâûå õàðàêòåðèñòèêè äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí

1. Ìàòåìàòè÷åñêîå îæèäàíèå Mξ =
∑∞
i=1 ξipi � ñðåäíåå çíà÷åíèå ñëó-

÷àéíîé âåëè÷èíû

(a) Â ñëó÷àå áåñêîíå÷íîãî ðÿäà òðåáóåòñÿ àáñîëþòíàÿ ñõîäèìîñòü.

(b) Ïðèìåð:
ξ 2 22 ... 2n

p 1
2

1
4 ... 1

2n

i.
∑
pi =

∑∞
n=1

1
2n =

1
2

1− 1
2

= 1

ii. Mξ =
∑∞
n=1

2n

2n =
∑

1 � ðàñõîäèòñÿ

(c) Ñâîéñòâà ìàòåìàòè÷åñêîãî îæèäàíèÿ:

i. MC = C (C = const)

ii. M(Cξ) = CMξ

iii. M(ξ ± η) = Mξ ±Mη

iv. M(ξn) = MξMη, åñëè ξ è η íåçàâèñèìû

2. Äèñïåðñèÿ Dξ = M [(ξ −Mξ)
2] ≥ 0 � ðàçáðîñ
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(a) Òåîðåìà: Dξ = M(ξ2)− (Mξ)
2

i. Dξ = M [(ξ −Mξ)
2] = M(ξ2 − 2ξMξ + (Mξ)

2) =
= M(ξ2)− 2M2

ξ +M2
ξ = M(ξ2)−M2

ξ

(b) Dξ = M(ξ2)−M2
ξ =

∑
i ξ

2
i pi − (

∑
i ξipi)

2

(c) Ñâîéñòâà äèñïåðñèè:

i. DC = 0

ii. D(Cξ) = C2Dξ

iii. D(ξ ± η) = Dξ +Dη (åñëè ξ è η íåçàâèñèìû)

3. Ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå σξ =
√
D ≥ 0 � ðàçáðîñ

(a) Ñâîéñòâà:

i. σC = 0

ii. σ(Cξ) = |c|σξ
iii. σ(ξ ± η) =

√
σ2
ξ + σ2

η (åñëè ξ è η íåçàâèñèìû)

4. Ìîäà m0 � íàèáîëåå âåðîÿòíîå çíà÷åíèå ñëó÷àéíîé âåëè÷èíû ξ

(a)
ξ 0 1 2

p 0.3 0.3 0.5
; m0 = 2

5. Ìåäèàíà me � P (ξ < me) = P (ξ > me) èëè Fξ(me) = 1
2

6. Ïðîèçâîäÿùàÿ ôóíêöèÿ ϕ(z) =
∑∞
k=0 pkz

k; 0 < z ≤ 1

(a) ϕ′(z) =
∑
kpkz

k−1; ϕ′(1) =
∑
kpk = Mξ

(b) ϕ′′(z) =
∑
k(k − 1)pkz

k−2l ϕ′′(1) =
∑
k2pk −

∑
kpk =

= M(ξ2)− (Mξ)
2 = ϕ′′(1) + ϕ′(1)− (ϕ′(1))2 = Dξ

2.1.2 Îñíîâíûå äèñêðåòíûå ðàñïðåäåëåíèÿ

1. Áèíîìèàëüíîå ðàñïðåäåëåíèå: ξ = {0, 1, ..., n}, pk = p(ξ = k) = cknp
kqn−1

� ñõåìà ïîâòîðíûõ íåçàâèñèìûõ èñïûòàíèé

(a)
ξ k

p Cknp
kqn−k

(b) ϕ(z) =
∑
Cknp

kqn−kzk = (pz + q)n
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i. Mξ = ϕ′(1) = n(pz + q)n−1|z=1 = np

ii. Dξ = npq

(c) Ïðèìåð: Ñòðåëîê ïðîèçâîäèò 8 âûñòðåëîâ ñ âåðîÿòíîñòüþ ïîïàäàíèÿ
0.3 ïðè êàæäîì âûñòðåëå. Ïîñòðîèòü ðÿä ðàñïðåäåíèÿ ÄÑÂ ξ ÷èñëà
ïîïàäàíèé (â îáùåì âèäå). Íàéòè Mξ, Dξ, σξ, P (3 ïîïàäàíèÿ)

i. n = 8; A � ïîïàäàíèå; p = P (A) = 0.3; q = 1− p = 0.7

ii.
ξ k

p Ck8 (0.3)k(0.7)8−k

iii. Mξ = np = 8 · 0.3 = 2.4

iv. Dξ = npq = 8 · 0.3 · 0.7 = 1.68

v. σξ =
√

1.68 ≈ 1.3

vi. P (k = 3) = C3
80.330.75

2. Ðàñïðåäåëåíèå Ïóàññîíà ξ = {0, 1, ..., n}; Pk = αk

k! e
−α; (n→∞; P (A)→

0; α = np)

(a)
ξ k

p αk

k! e
−α

(b) Mξ = np = α

(c) Dξ = npq ≈ α
(d) P (z) = e−α(1−z)

(e) Ïðèìåð: Ñòðàõîâàÿ êîìïàíèÿ èìååò 1000 êëèåíòîâ. Âåðîÿòíîñòü íà-
ñòóïëåíèÿ ñòðàõîâîãî ñëó÷àÿ 0.003. Ïîñòðîèòü ðÿä ðàñïðåäåëåíèÿ ξ
÷èñëà ñòðàõîâûõ ñëó÷àåâ â îáùåì âèäå. ÍàéòèMξ, Dξ, σξ, P (ìåíåå 2 ñëó÷àåâ).

i. n = 1000; A � íàòóïëåíèå ñòðàõîâîãî ñëó÷àÿ; P (A) = p = 0.003;
α = np = 3

ii.
ξ k

p 3k

k! e
−3

iii. Mξ = 3

iv. Dξ = 1000 · 0.003 · 0.997 ≈ 3

v. P (k < 2) = P (k = 0) + P (k = 1) = 30

0! e
−3 + 3

1!e
−3 = 4e−3
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×àñòü VIII

Ñåìèíàð 4 (25.03.16)

Ñëó÷àéíûå âåëè÷èíû

Äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû

1.
x x1 x2 ... xi
p p1 p2 ... pi

2. p1 = P (x = x1)

3.
∑
pi = 1

4. Ïðèìåðû:

(a) Ðàçûãðûâàåòñÿ 100 áèëåòîâ: 1 ïî 50 ðóáëåé, 10 ïî 1 ðóáëþ.

i. x � ñóììà âûèãðûøà 1 áèëåòà

ii.
x 0 1 50
p 89

100
10
100

1
100

(b) Ïîäáðàñûâàåòñÿ 2 êóáèêà, x � ñóììà î÷êîâ.

i.
x 2 3 4 5 6 7 8 9 10 11 12
p 1

36
2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

(c) 7 êàðàíäàøåé, 4 èç êîòîðûõ � êðàñíûå. Âûòàñêèâàþòñÿ 3. x � êîëè-
÷åñòâî êðàñíûõ â âûáîðêå.

i.
x 0 1 2 3

p 1
35

C1
4C

2
3

C3
7

= 12
35

C2
4C

1
3

C3
7

= 18
35

C3
4C

0
3

C3
7

= 4
35

5. Ôóíêöèÿ ðàñïðåäåëåíèÿ: F (x) = P (X < x) =
∑
xi<x

pi

6. Ìàòåìàòè÷åñêîå îæèäàíèå: Mx =
∑
i xi · pi

7. Äèñïåðñèÿ: Dx = M(X −Mx)2 = Mx2 − (Mx)2

(a) Mx2 =
∑
i x

2
i · pi

8. Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå: σx =
√
Dx

9. Ïðèìåðû:
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(a)
x 0 1 2
p 0.3 0.5 0.2

i. F (x) =?

A. F (x ≤ 0) = 0

B. F (0 < x ≤ 1) = 0.3

C. F (1 < x ≤ 2) = 0.8

D. F (x > 2) = 1

ii. Mx = 0.5 + 0.2 · 2 = 0.9

iii. Dx = Mx2 −M2
x = 0.5 + 4 · 0.2− 0.81 = 0.49

iv. σx =
√

0.49 = ±0.7

(b) Òðè ñòðåëêà. p1 = 0.6; p2 = 0.7; p3 = 0.8; Òðè âûñòðåëà; x � êîëè÷å-
ñòâî ïîïàäàíèé

i.
x 0 1 2 3
p 0.024 0.188 0.452 0.336

A. p(x = 0) = 0.4 · 0.3 · 0.2 = 0.024

B. p(x = 1) = 0.6 · 0.3 · 0.2 + 0.4 · 0.7 · 0.2 + 0.4 · 0.3 · 0.8 =
= 0.036 + 0.056 + 0.096 = 0.188

C. ...

ii. Mx = 0.188 + 2 · 0.452 + 3 · 0.336 = 2.1

iii. Dx = Mx2 −M2
x = 0.188 + 4 · 0.452 + 9 · 0.336− 2.12 = 0.61

iv. σx =
√

0.61 ≈ ±0.78

10. Áèíîìèàëüíîå ðàñïðåäåëåíèå

(a)
x 0 1 ... k ... n
p qn pn(k) pn

i. Mx = np

ii. Dx = npq

11. Ðàñïðåäåëåíèå Ïóàññîíà

(a)
x 0 1 ... k ...

p e−λ λk

k! e
−λ

i. Mx = Dx = np = λ

12. Ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå

28



Àâòîð êîíñïåêòà: Äìèòðèé Êàðèõ (karikh.d@gmail.com), ãðóïïà ÈÑÁÎï-01-14

(a) x � êîëè÷åñòâî èñïûòàíèé äî ïåðâîãî íàñòóïëåíèÿ ñîáûòèÿ A

(b)
x 1 2 3 ... k ...
p p qp q2p qk−1p

i. Mx = 1
p

ii. Dx = q
p2

13. Óðåçàííîå ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå

(a)
x 1 ... n− 1 n
p p qn−2p qn−1

14. Òèïîâîé ðàñ÷åò: 2.1, 2.2, 2.3

×àñòü IX

Ëåêöèÿ 5 (28.03.16)

1. Ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå: ξ � ÷èñëî èñïûòàíèé ñõåìû Áåðíóëëè
äî ïåðâîãî íàñòóïëåíèÿ ñîáûòèÿ A.

(a)
ξ 1 2 ... k ...
p p qp qk−1p

(b) Mξ = 1
p

(c) Dξ = q
p2

(d) ϕ(z) = pz
1−qz

(e) Ïðèìåðû:

i. Ñòðåëîê ñòðåëÿåò äî ïåðâîãî ïîïàäàíèÿ, èìåÿ íåîãðàíè÷åííîå
÷èñëî ïàòðîíîâ. Âåðîÿòíîñòü ïðîìàõà 0.1. ξ � ÷èñëî ïðîèçâåäåí-
íûõ âûñòðåëîâ. Íàéòè Mξ, Dξ. Íàéòè âåðîÿòíîñòü, ÷òî áóäåò íå
ìåíåå 4-õ âûñòðåëîâ.

A. A � ïîïàäàíèå

B. Mξ = 1
1−0.1 = 1

0.9

C. Dξ = 0.1
(0.9)2 ≈ 0.12

D.
ξ 1 2 3 ... k
p 0.9 0.1 · 0.9 = 0.09 0.12 · 0.9 (0.1)k−1 · 0.9
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E. P (k ≥ 4) = 1− P (k ≤ 3) = 1− 0.9− 0.09− 0.009 = 0.001

ii. Òà æå çàäà÷à, íî ó ñòðåëêà òîëüêî 3 ïàòðîíà.

A.
ξ 1 2 3
p 0.9 0.1 · 0.9 0.12 · 0.9 + 0.12 · 0.1 = 0.12

B. Ðàñïðåäåëåíèå íå ãåîìåòðè÷åñêîå. Õàðàêòåðèñòèêè ñ÷èòàåì
ïî îáùèì ôîðìóëàì.

C. Mξ = 0.9 + 2 · 0.09 + 3 · 0.01

2.2 Íåïðåðûâíûå ñëó÷àéíûå âåëè÷èíû

1. Îïðåäåëåíèå: ξ � íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà, åñëè å¼ ôóíêöèþ
ðàñïðåäåëåíèÿ ìîæíî ïðåäñòàâèòü â âèäå èíòåãðàëà íåêîòîðîé ôóíêöèè
f(t) Fξ(x) =

´ x
−∞ f(t)dt, ãäå f(t) � àáñîëþòíî èíòåãðèðóåìàÿ, íåïðåðûâíàÿ

âåçäå êðîìå êîíå÷íîãî ÷èñëà òî÷åê.

(a) F (x) íåïðåðûâíà âåçäå

(b) f(x) = F ′(x) âî âñåõ òî÷êàõ íåïðåðûâíîñòè

(c) f(x) � ïëîòíîñòü ðàñïðåäåëåíèÿ íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû ξ

2. Ñâîéñòâà f(x):

(a) f(x) ≥ 0

(b)
´∞
−∞ f(x)dx = 1

(c) P (a ≤ ξ ≤ b) = F (b)− F (a) =
´ b
a
f(x)dx

2.2.1 ×èñëîâûå õàðàêòåðèñòèêè

1. Ìàòåìàòè÷åñêîå îæèäàíèåMξ =
´∞
−∞ x fξ(x)dx (òðåáóåòñÿ àáñîëþòíàÿ

ñõîäèìîñòü)

2. Äèñïåðñèÿ Dξ = M [(ξ −Mξ)
2] = M(ξ2)− (Mξ)

2

(a) Dξ =
´∞
−∞ x2 fξ(x)dx− (Mξ)

2

3. Ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå σξ =
√
Dξ

4. Ìîäà m0 � òî÷êà, ãäå ïëîòíîñòü ðàñïðåäåëåíèÿ èìååò ëîêàëüíûé ìàêñè-
ìóì
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2.2.2 Ïðèìåðû

1. Íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ çàäàíà ïëîòíîñòüþ fξ(x) =

{
A sinx, x ∈ [0;π]

0, x 6∈ [0, π]
.

Íàéòè A, Mξ, Dξ, P (ξ ∈ [−3; π2 ])

(a) A
´ π

0
sinx dx = −A cosx|π0 = −A(−1− 1) = 2A = 1 =⇒ A = 1

2

(b) Mξ = 1
2

´ π
0
x sinx dx = 1

2

´ π
0
xd(cosx) =

= − 1
2 (x cosx|π0 −

´ π
0

cosx) =

= − 1
2 (−π − sinx|π0 ) = π

2

(c) Dξ = 1
2

´ π
0
x2 sinx dx− (π2 )2 = π2

4 − 2 > 0

(d) σξ =
√

π2

4 − 2

(e) P (ξ ∈ [−3; π2 ]) = 1
2

´ π
2

0
sinx dx = − 1

2 (0− 1) = 1
2

2. F (x) =


0, x ≤ 0

x2, 0 < x ≤ 1

1, x > 1

. Íàéòè: P (ξ ∈ [ 1
2 , 10]), Mξ.

(a) P (ξ ∈ [ 1
2 , 10]) = F (10)− F ( 1

2 ) = 1− ( 1
2 )2 = 3

4

3. f(x) = F ′(x) =

{
2x, 0 < x ≤ 1

0, x ∈ (0, 1]

(a) Mξ =
´ 1

0
x · 2x dx = 2x

3

3 |
1
0 = 2

3

2.2.3 Ðàñïðåäåëåíèÿ

1. Ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [a, b]

(a) f(x) =

{
const, x ∈ [a, b]

0 x 6∈ [a, b]
=

{
1
b−a , x ∈ [a, b]

0, x 6∈ [a, b]

(b) 1 =
´ b
a
c dx = cx|ba = c(b− a); c = 1

b−a

(c) Mξ =
´

1
b−ax dx = 1

b−a
x2

2 |
b
a = b2−a2

2(b−a) = a+b
2

(d) Dξ = (b−a)2

12
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(e) Fξ(x) =
´ x
−∞ f(t)dt =

{
0, x ≤ a´ x
a

1
b−adt = x−a

b−a , a < x ≤ b

(f) Ïðèìåð: ξ ðàâíîìåðíî ðàñïðåäåëåíà íà [−15,−5]. Íàéòè f(x),Mξ,Dξ,
P (ξ ∈ [−8, 12])

i. f(x) =

{
1
10 , x ∈ [−15,−5]

0, x 6∈ [−15,−5]

ii. Mξ = −15−5
2 = 10

iii. Dξ = (−5+15)2

12 = 100
12

iv. P (ξ ∈ [−8, 12]) =
´ −5

−8
1
10dx = x

10 |
−5
−8 = 0.3

2. Ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ

(a) f(x) =

{
λe−λx, x ≥ 0

0, x < 0
; λ > 0

(b) Mξ =
´∞

0
λe−λxx dx = 1

λ

(c) Dξ = 1
λ2

(d) σξ = 1
λ

(e) Fξ(x) =

{
0, x < 0´ x

0
λe−λtdt = λ(− 1

λ )e−λt|x0 = 1− e−λx, x ≥ 0

(f) e−λt � ôóíêöèÿ íàäåæíîñòè � âåðîÿòíîñòü ðàáîòû óñòðîéñòâà çà
âðåìÿ t

(g) Ïðèìåð: Ñðåäíåå âðåìÿ ðàáîòû ïðèáîðà � 500 ÷àñîâ. Íàéòè âåðî-
ÿòíîñòü òîãî, ÷òî ïðèáîð ïðîðàáîòàåò áîëåå 1000 ÷àñîâ, åñëè âðåìÿ
ðàáîòû ðàñïðåäåëåíî ïî ïîêàçàòåëüíîìó çàêîíó.

i. Mξ = 500 =⇒ λ = 1
500

ii. f(x) =

{
1

500e
− 1

500x, x ≥ 0

0, x < 0

iii. P (ξ > 1000) = 1− P (ξ ≤ 1000) = 1−
´ 1000

0
1

500e
− 1

500xdx =

= 1− 1
500 · (−500)e−

1
500x|1000

0 = 1 + e−2 − 1 = e−2

3. Íîðìàëüíîå ðàñïðåäåëåíèå N(m,σ)

(a) fξ(x) = 1
σ
√

2π
e−

(x−m)2

2σ2
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(b) Mξ =
´∞
−∞ x 1

σ
√

2π
e−

(x−m)

2σ2 dx =

∣∣∣∣∣∣
x−m
σ
√

2
= t

x = m+ σ
√

2t

dx = σ
√

2dt

∣∣∣∣∣∣ =

= 1
σ
√

2π

´∞
−∞(m+ σ

√
2t)e−t

2 · σ
√

2dt =

= m√
π

´∞
−∞ e−t

2

dt+ σ
√

2√
π

´∞
−∞ te−t

2

dt =

= m√
π

√
π = m

(c) Dξ = σ2

(d) Fξ(x) =
´ x
−∞

1
σ
√

2π
e−

(u−m)2

2σ2 du =

∣∣∣∣ u−mσ = t
du = σdt

∣∣∣∣ =

= 1
σ
√

2π

´ σ
−∞ e−

t2

2 dt = 1√
2π

´ x−m
σ

−∞ e−
t2

2 dt = Fm,σ(x)

(e) Îïðåäåëåíèå: ξ0 � ñòàíäàðòíàÿ íîðìàëüíî ðàñïðåäåëåííàÿ ñëó÷àéíàÿ

âåëè÷èíà, åñëè å¼ ðàñïðåäåëåíèå N(0, 1), fξ0 = 1√
2π
e−

x2

2

i. F0,1(x) = 1√
2π

´ x
−∞ e−

t2

2 dt = Φ∗(x) � ôóíêöèÿ Ëàïëàñà

ii. Φ(x) = 1√
2π

´ x
0
e−

t2

2 dt � íîðìèðîâàííàÿ ôóíêöèÿ Ëàïëàñà

(f) Ñâîéñòâà ôóíêöèè Ëàïëàñà:

i. Φ(0) = 0

ii. Φ(−x) = −Φ(x)

iii. Φ∗(x) = 1
2 + Φ(x)

iv. Fm,σ(x) = Φ∗(x−mσ ) = 1
2 + Φ(x−mσ )

v. P (a ≤ ξ ≤ b) = Φ( b−mσ )− Φ(a−mσ )

A. P (a ≤ ξ0 ≤ b) = Φ(b)− Φ(a)

vi. P (|ξ − m| < ε) ≈ 2Φ( εσ ) � âåðîÿòíîñòü îòêëîíåíèÿ ñëó÷àéíîé
âåëè÷èíû îò ìàò. îæèäàíèÿ íà âåëè÷èíó, ìåíüøóþ ε.

A. P (|ξ −m| < ε) = P (m− ε < ξ < m+ ε) =
= Φ(m+ε−m

σ )− Φ(m−ε−mσ ) = Φ( εσ )− Φ(− ε
m ) = 2Φ( εσ )

(g) Ïðèìåð: ïðàâèëî 3-õ ñèãì

i. P (|ξ −m| < 3σ) = 2Φ(3σ
σ ) = 2Φ(3) ≈ 0.997

(h) Ïðèìåð: Ñëó÷àéíàÿ âåëè÷èíà ξ ðàñïðåäåëåíà ïî çàêîíó N(3, 2). Íàé-
òè Mξ, Dξ, σξ, P (ξ ∈ [1, 3]); fη(y), åñëè η = 2ξ − 7

i. Mξ = 3

ii. Dξ = 4

iii. σξ = 2
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iv. P (ξ ∈ [1, 3]) = Φ(3−3
2 )− Φ( 1−3

2 ) = Φ(0)− Φ(−1) = Φ(1) ≈ 0.34

v. Çàìå÷àíèÿ:

A. Ëèíåéíîå ïðåîáðàçîâàíèå íîðìàëüíîé ñëó÷àéíîé âåëè÷èíû �
íîðìàëüíî.

B. Ñóììà íåçàâèñèìûõ íîðìàëüíûõ ñëó÷àéíûõ âåëè÷èí � íîð-
ìàëüíà.

vi. Mη = M(2ξ − 7) = 2Mξ − 7 = −1

vii. Dη = D(2ξ − 7) = 22Dξ + 0 = 16

viii. ση = 4

ix. η: N(−1, 4); fη(y) = 1
4
√

2π
e−

(y+1)2

2·16

(i) Ïðèìåð: Îøèáêà èçìåðåíèé ïîä÷èíÿåòñÿ íîðìàëüíîìó çàêîíó. Ñè-
ñòåìàòè÷åñêàÿ îøèáêà îòñóòñòâóåò. Ñðåäíåêâàäðàòè÷åñêàÿ îøèáêà �
5 ìì. Íàéòè âåðîÿòíîñòü òîãî, ÷òî îøèáêà áóäåò â ïðåäåëàõ îò 2 äî
6 ìì. Êàêàÿ áóäåò ìàêñèìàëüíàÿ ïî àáñîëþòíîé âåëè÷èíå îøèáêà ñ
âåðîÿòíîñòüþ 0.95?

i. ξ � îøèáêà èçìåðåíèÿ

ii. Ñèñòåìàòè÷åñêàÿ îøèáêà � ìàò. îæèäàíèå � Mξ = 0

iii. σξ = 5 ìì

iv. N(0, 5)

v. P (2 ≤ ξ ≤ 6) = Φ( 6−0
5 )− Φ( 2−0

5 ) = Φ(1.2)− Φ(0.4) = 0.23

vi. P (|ξ −m| < ε) = P (|ξ| < ε) = 2Φ( ε5 ) = 2 · 0.475

vii. ε
5 = 1.96; ε = 9.8 ìì

(j) Ïîâòîðíûå íåçàâèñèìûå èñïûòàíèÿ ñ n → ∞. Âåðîÿòíîñòü òîãî, ÷òî
ñîáûòèå A ïîÿâèòñÿ îò k1 äî k2 ðàç èç n.

i. P (k1 ≤ k ≤ k2) = Φ(k2−np√
npq )− Φ(k1−np√

npq )

ii. P (|mn − p(A)| < ε) ≈ 2Φ(ε
√

n
pq ) � âåðîÿòíîñòü îòêëîíåíèÿ îòíî-

ñèòåëüíîé ÷àñòîòû ïîÿâëåíèÿ ñîáûòèÿ A îò âåðîÿòíîñòè ñîáûòèÿ
A íà âåëè÷èíó, ìåíüøóþ ε.

(k) Ïðèìåð: Ìîíåòó áðîñàþò 100 ðàç. Íàéòè âåðîÿòíîñòü, ÷òî ãåðá ïî-
ÿâèòñÿ îò 35 äî 45 ðàç. Ñêîëüêî íàäî ïðîâåñòè áðîñêîâ ìîíåòû, ÷òîáû
îòíîñèòåëüíàÿ ÷àñòîòà ïîÿâëåíèÿ ãåðáà îòêëîíÿëàñü îò åãî âåðîÿòíî-
ñòè íå áîëåå, ÷åì íà 0.1 ñ âåðîÿòíîñòüþ 0.95?

i. n = 100; A � ïîÿâëåíèå ãåðáà; P (A) = 0.5; q = 1− p = 0.5

ii. P (35 ≤ l ≤ 45) = Φ( 45−0.5·100√
100·0.5·0.5 )− Φ( 35−0.5·100√

100·0.5·0.5 ) =

= Φ(−1)− Φ(−3) = Φ(3)− Φ(1) = 0.5− 0.34 ≈ 0.16
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iii. 0.95 = P (|mn − 0.5| < 0.1) = 2Φ(0.1
√

n
0.5·0.5 ) = 2Φ(0.2

√
n)

iv. n = ( 1.69
0.2 )2 ≈ 90

×àñòü X

Ëåêöèÿ 6 (4.04.16)

3 Ìíîãîìåðíûå ñëó÷àéíûå âåëè÷èíû

3.1 Äèñêðåòíûå ñëó÷àéíûå âåêòîðû

1. (ξ, η) � äèñêðåòíûé ñëó÷àéíûé âåêòîð, åñëè ξ è η � äèñêðåòíûå ñëó÷àéíûå
âåëè÷èíû.

(a) ξ = ξ1, ξ2, ..., ξn

(b) η = η1, η2, ..., ηm

2.

ξ\η η1 η2 ... ηm
ξ1 p11 p12 p1m

ξ2 p21 p22 p2m

...
ξn pn1 pn2 pnm

� òàáëèöà ðàñïðåäåëåíèÿ

(a)
ξ ξ1 ξ2 ...
p

∑m
j=1 p1j

∑m
i=1 p2j

(b)
η η1 η2 ...
p

∑n
i=1 pi1

∑n
i=1 pi2

3. ξ è η íåçàâèñèìû, åñëè èõ âçàèìíàÿ âåðîÿòíîñòü pij = P (ξ = ξi) · P (η =
ηi), ∀i, j

4. Ïî òàáëèöå ðàñïðåäåëåíèÿ ìîæíî ñòðîèòü îäíîìåðíûå ðÿäû ðàñïðåäåëå-
íèÿ, îáðàòíîå íåâåðíî.

5. Ôóíêöèÿ ðàñïðåäåëåíèÿ äèñêðåòíîãî ñëó÷àéíîãî âåêòîðà Fξη(x, y) = P (ξ <
x, η < y)

(a) Fξη íå óáûâàåò ïî x è ïî y

(b) Fξη íåïðåðûâíà ñëåâà ïî x è ïî y
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(c) Fξη(−∞,−∞) = Fξη(−∞, y) = Fξη(x,−∞) = 0
Fξη(+∞,+∞) = 1

(d) Fξη(x,+∞) = Fξ(x)
Fξη(+∞, y) = Fη(y)

6. Z = ϕ(ξ) � ôóíêöèÿ ξ

(a)
ξ ξ1 ξ2 ...
p p1 p1

(b)
Z ϕ(ξ1) ϕ(ξ2) ...
p p1 p2

7. Θ = ϕ(ξ, η) � ôóíêöèÿ äèñêðåòíîãî ñëó÷àéíîãî âåêòîðà (ξ, η)

(a)
Θ ϕ(ξ1, η1) ...
p p11

8. Êîâàðèàöèÿ (êîðåëëÿöèîííûé ìîìåíò) Kξη = M((ξ − Mξ)(η − Mη)) �
õàðàêòåðèñòèêà çàâèñèìîñòè ìåæäó ξ è η

(a) rξη =
Kξη
σξση

� êîýôôèöèåíò êîðåëëÿöèè

(b) Ñâîéñòâà:

i. Kξη = Kηξ

ii. Kξξ = Dξ; Kηη = Dη

iii. Kξη ≤
√
DξDη � íåðàâåíñòâî Øâàðöà

A. |rξη| ≤ 1

iv. rξη = ±1 =⇒ η = aξ + b

A. åñëè r = 1, òî a > 0

B. åñëè r = −1, òî a < 0

C. Ïîëîæèòåëüíûé êîýôôèöèåíò êîðåëëÿöèè îçíà÷àåò, ÷òî ñëó-
÷àéíûå âåëè÷èíû èëè îáå âîçðàñòàþò, èëè îáå óáûâàþò.

v. Åñëè ξ è η íåçàâèñèìû, òî êîðåëëÿöèîííûé ìîìåíò è êîýôôèöè-
åíò êîðåëëÿöèè ðàâíû íóëþ kξη = 0. Îáðàòíîå íåâåðíî.

vi. Kξη = M(ξη)−Mξ ·Mη

9. Ïðèìåð (3.1.1 ÒÐ): Äèñêðåòíûé ñëó÷àéíûé âåêòîð çàäàí òàáëèöåé

ξ\η 0 1 2
−1 1

8
3
8 0

1 1
4 0 1

4

.

Ïîñòðîèòü îäíîìåðíûå ðÿäû ðàñïðåäåëåíèÿ ξ è η. Çàâèñèìû ëè ξ è η?
Íàéòè Kξη.
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(a)
ξ −1 1
p 1

8 + 3
8

1
4 + 1

4

∑
pi = 1

(b)
η 0 1 2
p 3

8
3
8

1
4

∑
pi = 1

(c) P (ξ = −1, η = 0) = 1
8

(d) P (ξ = −1) = 1
2 ; P (η = 0) = 3

8

(e) 1
8 6=

1
2 ·

3
8 ⇒ ξ è η çàâèñèìû

(f) Mξ = 0; Mη = 0 + 3
8 + 2 · 1

4 = 7
8

(g)
ξη 0 −1 −2 0 1 2
p 1

8
3
8 0 1

4 0 1
4

(h)
ξη −1 0 2
p 3

8
1
8 + 1

4 = 3
8

1
4

∑
pi = 1

(i) M(ξη) = − 3
8 + 0 + 2 · 1

4 = 1
8

(j) Kξη = M(ξη)−MξMη = 1
8 − 0 · 7

8 = 1
8

×àñòü XI

Ñåìèíàð 5 (8.04.16)

Íåïðåðûâíûå ñëó÷àéíûå âåëè÷èíû

1. Ôóíêöèÿ ðàñïðåäåëåíèÿ F (x) = P (X < x)

(a) P (a ≤ X ≤ b) = F (b)− F (a) =
´ b
a
f(x)dx

2. Ïëîòíîñòü ðàñïðåäåëåíèÿ f(x) = F ′(x)

(a) F (x) =
´ x
−∞ f(t)dt

3. Ñâîéñòâî íîðìèðîâàííîñòè:
´∞
−∞ f(x)dx = 1

4. Ìàò. îæèäàíèå: MX =
´∞
−∞ x · f(x) dx

5. Äèñïåðñèÿ: DX =
´∞
−∞ x2 · f(x) dx− (MX)2
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6. Ïðèìåð: Ñëó÷àéíàÿ âåëè÷èíà çàäàíà íà âñåé îñè ðàñïðåäåëåíèÿ. F (x) =
1
2 + 1

π arctg x; x ∈ (−∞,∞). Íàéòè âåðîÿòíîñòü òîãî, ÷òî ñëó÷àéíàÿ âåëè-
÷èíà ïîïàäåò â èíòåðâàë îò 0 äî 1.

(a) P (0 < X < 1) = F (1)− F (0) = 3
4 −

1
2 = 1

4

(b) P (X <
√

3) = F (
√

3)− F (−∞) = F (
√

3) = 5
6

7. Ïðèìåð: Çàäàíà ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû f(x) =
4c

ex−e−x ; ∀x ∈ (−∞,∞). Íàéòè êîíñòàíòó c.

(a) F (x) =
´∞
−∞ f(x)dx = 4c

´∞
−∞

dx
ex−e−x = 4c

´∞
−∞

ex

e2x+1dx =

= 4c
´∞
−∞

d(ex)
e2x+1 = 4c · arctg(ex)|∞−∞ = 2cπ

(b) 2cπ = 1; c = 1
2π

8. Ïðèìåð: Çàäàíà ïëîòíîñòü f(x) =


0, x ≤ π

6

2 cosx, π
6 < x ≤ π

2

0, x > π
2

(a) x ≤ π
6 : F (x) =

´ x
−∞ 0dt = 0

(b) π
6 < x ≤ π

2 : F (x) = 2
´ x
π
6

cos t dt = 2 sin t|xπ
6

= 2 sinx− 1

(c) x > π
2 : F (x) = 2 sinx− 1 +

´ x
π
2

0dt = 2 sinx|
π
2
π
6
− 1 = 2− 1 = 1

(d) F (x) =


0, x ≤ π

6

2 sinx− 1, π
6 < x ≤ π

2

1, x > π
2

9. Ïðèìåð: F (x) =


0, x ≤ 0
x
4 , 0 < x ≤ 4

1, x > 4

. Íàéòè ìàò. îæèäàíèå MX è äèñïåðñèþ

DX.

(a) f(x) = F ′(x)

(b) f(x) =


0, x ≤ 0
1
4 , 0 < x ≤ 4

0, x > 4

(c) MX =
´ 4

0
x · 1

4dx = x2

2 ·
1
4 |

4
0 = 2
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(d) DX =
´ 4

0
x2 · 1

4dx− (MX)2 = x3

12 |
4
0 − 4 = 16

3 − 4 = 4
3

10. Ïðèìåð: f(x) =


0, x ≤ 0

A(4x− x2), 0 < x ≤ 4

0, x > 4

. Íàéòè F (x), MX, DX, P (1 <

x < 2)

(a) F (x) =
´ 4

0
A(4x− x2)dx = A(32− 64

3 ) = 32
3 A;

32
3 A = 1; A = 3

32

(b) F (x) =


0, x ≤ 0
3
32 (2x2 − x3

3 ), 0 < x ≤ 4

1, x > 4

(c) MX =
´ 4

0
x · 3

32 (2x2 − x3

3 )dx

(d) DX =
´ 4

0
x2 · 3

32 (2x2 − x3

3 )dx− (MX)2

(e) P (1 < x < 2) = F (2)− F (1) = 3
32 (8− 8

3 − 2 + 1
3 ) = 11

32

Ñòàíäàðòíûå ðàñïðåäåëåíèÿ

1. Ðàâíîìåðíîå â [a, b]

(a) f(x) =

{
1
b−a , x ∈ [a, b]

0, x 6∈ [a, b]

(b) F (x) =


x−a
b−a , x ∈ [a, b]

0, x < a

1, x > b

(c) MX = a+b
2

(d) DX = (b−a)2

12

2. Ïîêàçàòåëüíîå ñ ïàðàìåòðîì λ

(a) MX = 1
λ

(b) DX = 1
λ2

(c) f(x) =

{
λ · e−λx, x ≥ 0

0, x < 0
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(d) F (x) =

{
0, x < 0

1− e−λx, x ≥ 0

3. Íîðìàëüíîå ðàñïðåäåëåíèå

(a) f(x) = 1
σ
√

2π
e−

(x−a)2

2σ2

(b) MX = a

(c) DX = σ2

(d) P (α < X < β) = Φ(β−aσ )− Φ(α−aσ )

(e) P (|x− a| < δ) = 2Φ( δσ )

(f) P (|mn − p| < ε) = 2Φ(ε ·
√

n
pq )

×àñòü XII

Ëåêöèÿ 7 (11.04.16)

1. Ïðèìåð: ξ è η � íåçàâèñèìûå äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû, çàäàííûå

ðÿäàìè ðàñïðåäåëåíèÿ:
ξ 0 1 2
p 0.4 0.2 0.4

,
η 0 1
p 0.5 0.5

. Íàéòè Θ =

2ξ − η; MΘ, DΘ

(a)
Θ 0 2 4 -1 1 3
p 0.4 · 0.5 0.2 · 0.5 0.4 · 0.5 0.4 · 0.5 0.2 · 0.5 0.4 · 0.5

(b)
Θ -1 0 1 2 3 4
p 0.2 0.2 0.1 0.1 0.2 0.2

∑
pi = 1

(c) Ñïîñîá 1: Íåïîñðåäñòâåííîå âû÷èñëåíèå ïî ðÿäó ðàñïðåäåëåíèÿ Θ

i. MΘ = −0.2 + 0.1 + 0.2 + 0.6 + 0.8 = 1.5

ii. DΘ = 0.2 + 0.1 + 0.4 + 1.8 + 3.2− (1.5)2 = 5.7− 2.25 = 3.45

(d) Ñïîñîá 2: Ñ ïîìîùüþ ñâîéñòâ ìàò. îæèäàíèÿ è äèñïåðñèè

i. Mξ = 0.2 + 0.8 = 1; Mη = 0.5

ii. Dξ = 0.2 + 1.6− 1 = 0.8; Dη = 0.5− 0.25 = 0.25

iii. MΘ = M(2ξ − η) = 2Mξ −Mη = 2− 0.5 = 1.5

iv. DΘ = D(2ξ − η) = 4Dξ +Dη = 3.2 + 0.25 = 3.45
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3.2 Íåïðåðûâíûå ñëó÷àéíûå âåêòîðû

1. Íåïðåðûâíûé ñëó÷àéíûé âåêòîð � âåêòîð, ôóíêöèÿ ðàñïðåäåëåíèÿ
êîòîðîãî ìîæåò áûòü çàäàíà â âèäå ôóíêöèè Fξη(x, y) = P (ξ < x, η < y) =´ x
−∞
´ y
−∞ fξη(u, v) du dv

(a) fξη � ïëîòíîñòü ñîâìåñòíîãî ðàñïðåäåëåíèÿ

(b) fξη(x, y) = ∂2F (x,y)
∂x∂y

2. Ñâîéñòâà ôóíêöèè ðàñïðåäåëåíèÿ:

(a) F (x, y) íåïðåðûâíà ïî x è y

(b) F (x, y) íå óáûâàåò ïî x è y

(c) F (−∞,−∞) = F (x,−∞) = F (−∞, y)

{
= 0

→ 0

F (+∞,+∞)

{
= 1

→ 1

(d) Fξη(x,+∞) = Fξ(x)
Fξη(+∞, y) = Fη(y)

3. Ñâîéñòâà ïëîòíîñòè ðàñïðåäåëåíèÿ fξη(x, y)

(a) f(x, y) ≥ 0

(b)
´∞
−∞
´∞
−∞ fξη(x, y) dx dy = 1 � óñëîâèå íîðìèðîâêè

(c) P ((ξ, η) ∈ D) =
˜
D
fξη(x, y) dx dy

(d) fξ(x) =
´∞
−∞ fξη(x, y) dy

fη(y) =
´∞
−∞ fξη(x, y) dx

4. ξ è η � íåçàâèñèìû, åñëè ñîâìåñòíàÿ ïëîòíîñòü ðàâíà ïðîèçâåäåíèþ
ïëîòíîñòåé êîìïîíåíò ïî âñåì òî÷êàì fξη(x, y) = fξ(x) · fη(y), ∀x, y.

5. Îñíîâíûå õàðàêòåðèñòèêè:

(a) Mξ =
´∞
−∞ x · fξ(x) dx =

´∞
−∞
´∞
−∞ x · fξη(x, y) dx dy

Mη =
´∞
−∞ y · fη(y) dy =

´∞
−∞
´∞
−∞ y · fξη(x, y) dx dy

(b) Dξ =
´∞
−∞
´∞
−∞ x2 · fξη(x, y) dx dy − (Mξ)

2

Dη =
´∞
−∞
´∞
−∞ y2 · fξη(x, y) dx dy − (Mη)2
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(c) kξη =
´∞
−∞
´∞
−∞ xy ·fξη(x, y) dx dy−Mξ ·Mη � êîðåëëÿöèîííûé ìîìåíò

6. Ïðèìåð: Íåïðåðûâíûé ñëó÷àéíûé âåêòîð çàäàí ïëîòíîñòüþ fξη(x, y) =
c

(1+x2)(1+y2) . Âûÿñíèòü, çàâèñèìû ëè ξ è η. Íàéòè ôóíêöèþ ðàñïðåäåëåíèÿ.

Íàéòè âåðîÿòíîñòü ïîïàäàíèÿ P ((ξ, η) ∈ D) â îáëàñòü D :

{
0 ≤ x ≤ 1

0 ≤ y ≤ 1
.

(a) Íàéäåì c èç óñëîâèÿ íîðìèðîâêè

i.
´∞
−∞ dx

´∞
−∞

c dy
(1+x2)(1+y2) = c

´∞
−∞

dx
1+x2

´∞
−∞

dy
1+y2 =

= c
´∞
−∞

dx
1+x2 · arctg(y)|∞−∞ =

= c
´∞
−∞

dx
1+x2 (π2 − (−π2 )) = cπ arctg(x)|∞−∞ = cπ2

ii. c = 1
π2

(b) Ïðîâåðèì çàâèñèìîñòü ξ è η

i. fξ(x) =
´∞
−∞ f(x, y) dy = 1

π2

´∞
−∞

dy
(1+x2)(1+y2) =

= 1
π2(1+x2) arctg(y)|∞−∞ = 1

π(1+x2)

ii. fη(y) = 1
π(1+y2)

iii. fξη = fξ · fη =⇒ ξ è η íåçàâèñèìû

(c) P ((ξ, η) ∈ D) = 1
π2

´ 1

0
dx
´ 1

0
dy

(1+x2)(1+y2) =

= 1
π2 arctg(x)|10 · arctg(y)|10 = 1

π2 (π4 − 0)(π4 − 0) = 1
16

(d) Fξη(x, y)
´ x
−∞
´ y
−∞ f(u, v) du dv = 1

π2

´ x
−∞ du

´ y
−∞

dv
(1+u2)(1+v2) =

= 1
π2 (arctg(x) + π

2 )(arctg(y) + π
2 )

7. Ðàñïðåäåëåíèÿ:

(a) Ðàâíîìåðíîå ðàñïðåäåëåíèå â îáëàñòè D

i. fξη(x, y) =

{
const, (x, y) ∈ D
0, (x, y) 6∈ D

=

{
1
SD
, (x, y) ∈ D

0, (x, y) 6∈ D
ii. Ïðèìåð: (ξ, η) ðàâíîìåðíî ðàñïðåäåëåí â îáëàñòè D. Çàâèñèò ëè ξ

îò η? Íàéòè Mξ,Mη, Dξ, Dη, kξη, P ((ξ, η) ∈ D). D′ : {x2 + y2 ≤ 1}

A. fξη(x, y) =

{
1, (x, y) ∈ D
0, (x, y) 6∈ D

B. fξ(x) =


0, x ≤ −1´ x+1

0
dy = y|x+1

0 = x+ 1, −1 < x ≤ 0´ −x+1

0
dy = 1− x, 0 < x ≤ 1

0, x > 1
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C. fη(y) =


0, y ≤ 0´ 1−y
y−1

dx = x|1−yy−1 = 2− 2y, 0 < y ≤ 1

0, y > 1

D. Mξ =
´ 0

−1
x dx
´ x+1

0
dy +

´ 1

0
x dx
´ 1−x

0
dy =

=
´ 0

−1
x(x+ 1)dx+

´ 1

0
x(1− x)dx =

= (x
3

3 + x2

2 )|0−1 + (x
2

2 −
x3

3 )|10 = 0

E. Mη =
´ 1

0
y d
´ 1−y
y−1

dx =
´ 1

0
y(2− 2y)dy =

= (y2 − 2y3

3 )1
0 = 1

3

F. Dη =
´ 1

0
y2 dy

´ 1−y
y−1

dx− ( 1
3 )2 =

´ 1

0
y2(2− 2y)dy − 1

9 =

= (2y
3

3 − 2y
4

4 )|10 − 1
9 = 1

18

G. kξη =
´ 1

0
y dy
´ 1−y
y−1

x dx− 0 · 1
3 =
´ 1

0
y · x

2

2 |
1−y
y−1dy = 0

H. P ((ξ, η) ∈ D′) = 1
SD
SD′′ = 1

(b) Íîðìàëüíîå äâóìåðíîå ðàñïðåäåëåíèå

i. fξη(x, y) = 1

2πσξση
√

1−r2ξη
exp{− 1

2(1−r2ξη)
(

(x−mξ)2
σ2
ξ
−2rξη

(x−mξ)(y−mξ)
σξση

+

(y−mη)2

σ2
η

)}

A. rξη � êîýôôèöèåíò êîðåëëÿöèè

ii. Ñâîéñòâà:

A. Ëèíåéíîå ïðåîáðàçîâàíèå íîðìàëüíîãî ðàñïðåäåëåíèÿ íîð-
ìàëüíî

B. Êîìïîíåíòû íîðìàëüíîãî ñëó÷àéíîãî âåêòîðà ðàñïðåäåëåíû
íîðìàëüíî

C. Ñóììà íåçàâèñèìûõ íîìàëüíûõ âåëè÷èí íîðìàëüíà

D. Èç íåêîðåëëèðîâàííîñòè êîìïîíåíò íîðìàëüíîãî âåêòîðà ñëå-
äóåò èõ íåçàâèñèìîñòü

×àñòü XIII

Ëåêöèÿ 8 (18.04.16)

3.3 Ôóíêöèÿ íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíû

1. ξ � íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà; fξ(x) � ïëîòíîñòü ðàñïðåäåëåíèÿ
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2. η = ϕ(ξ) � òîæå íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà

3. Fη(y) = P (η < y)

(a) ϕ(x) âîçðàñòàåò

i. Fη(y) = P (η < y) = P (ξ < ϕ−1(y)) =
´ ϕ−1(y)

−∞ fξ(x)dx

ii. fη(y) = F ′η = fξ(ϕ
−1(y)) · (ϕ−1

η (y))′ > 0

(b) ϕ(x) óáûâàåò

i. Fη(y) = P (η < y) = P (ξ > ϕ−1(y)) =
´ +∞
ϕ−1(y)

fξ(x)dx

ii. fη(y) = −fξ(ϕ−1(y)) · (ϕ−1(y))′ > 0

(c) fη(y) = fξ(ϕ
−1(y)) · |(ϕ−1(y))′|

(d) Åñëè ôóíêöèÿ ϕ(ξ) íå ìîíîòîííà, òî îíà ðàçáèâàåòñÿ íà ìîíîòîííûå
êóñêè è ñîîòâåòñòâóþùèå ïëîòíîñòè ñêëàäûâàþòñÿ.

4. Mη =
´∞
−∞ y · fη(y) dy =

´∞
−∞ y · fξ(ϕ−1(y)) · (ϕ−1(y))′ dy =

=

∣∣∣∣∣∣
x = ϕ−1(y)
y = ϕ(x)

dx = ϕ−1(y)dy

∣∣∣∣∣∣ =
´∞
−∞ ϕ(x) · fξ(x) dx

5. Ïðèìåð:

(a) Íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ ðàñïðåäåëåíà ïî ïîêàçàòåëüíîìó
çàêîíó ñ λ = 3; η = 2− 3ξ. Íàéòè fη(y).

i. fξ(x) =

{
3e−3x, x ≥ 0

0, x < 0

ii. y = 2− 3x

iii. ϕ−1(y) = 2−y
3

iv. 1 ñïîñîá

A. Fη(y) =
´ +∞

2−y
3

3e−3xdx = −e−3x|+∞2−y
3

=

= e−3 2−y
3 = ey−2 =

{
ey−2, y ≤ 2

1, y > 2

B. fη(y) = F ′η(y) =

{
ey−2, y ≤ 2

0, y > 2

v. 2 ñïîñîá
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A. fη(y) = 3e−3 2−y
3 · | − 1

3 | = ey−2 =

{
ey−2, y ≤ 2

0, y > 2

vi. Mη =
´ +∞

0
(2− 3x) · 3e−3xdx =

∣∣∣∣ 2− 3x = 4 −3dx = du
e−3xdx = dv − 1

3e
−3x = v

∣∣∣∣ =

= 3(− 2−3x
3 e−3x|∞0 −

´∞
0
e−3xdx) = 3(2

3 + 1
3e
−3x|∞0 ) =

= 3( 2
3 −

1
3 ) = 1

(b) ξ íîðìàëüíî ðàñïðåäåëåíà ñ ïàðàìåòðàìèN(0, 1); η = ξ2. Íàéòè fη(y).

i. Fη(y) = P (η < y) =
´√y
−√y

1√
2π
e−

x2

2 dx

ii. fη(y) = 1√
2π
e−

(−√y)2
2 · | − 1

2
√
y |+

1√
2π
e−

(
√
y)2

2 · 1
2
√
y =

= 1
y
√

2π
e−

y
2 =

{
1

y
√

2π
e−

y
2 , y > 0

0, y ≤ 0

3.4 Ôóíêöèÿ íåïðåðûâíîãî ñëó÷àéíîãî âåêòîðà

1. (ξ, η) � íåïðåðûâíûé ñëó÷àéíûé âåêòîð; fξη(x, y) � ïëîòíîñòü ðàñïðåäå-
ëåíèÿ.

2. Θ = ϕ(ξ, η)

(a) FΘ(z) = P (Θ < z) =
˜
D
fξη(x, y)dxdy

(b) fΘ = F ′Θ

3. Θ = ξ + η

(a) FΘ(z) = P (Θ < z) = P (x+ y < z) = P (y < z − x) =

=
´∞
−∞ dx

´ z−x
−∞ fξη(x, y)dy

(b) fΘ(z) = F ′Θ(z) =
´∞
−∞ fξη(x, z − x)dx

(c) Åñëè ξ è η íåçàâèñèìû:

i. fΘ(z) =
´∞
−∞ fξ(x)fη(z − x)dx =

=
´∞
−∞ fη(y)fξ(z − y)dy = fξ ∗ fη (ñâåðòêà)

4. Ïðèìåðû:

(a) ξ è η ðàñïðåäåëåíû ïî ïîêàçàòåëüíîìó çàêîíó ñ ïîêàçàòåëåì λ. Θ =
ξ + η. Íàéòè fΘ(x).
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i. fξ = fη =

{
λe−λx, x ≥ 0

0, x < 0

ii. fΘ(z) =
´ z

0
λe−λxλe−λ(z−x)dx = λ2e−λz

´ z
0
dx =

= λ2e−λzx|z0 =

{
λ2ze−λz, z ≥ 0

0, z < 0

4 Ïðåäåëüíûå òåîðåìû. Çàêîí áîëüøèõ ÷èñåë

1. Íåðàâåíñòâî ×åáûøåâà: P (|ξ −Mξ| > ε) ≤ Dξ
ε2

2. Îïðåäåëåíèå: Ñèñòåìà ñëó÷àéíûõ âåëè÷èí ξ1, ξ2, ..., ξn ñõîäèòñÿ ïî âåðî-

ÿòíîñòè ê ñëó÷àéíîé âåëè÷èíå ξ (ξn
p−−−−→

n→∞
ξ), åñëè P (|ξn−ξ) < ε) −−−−→

n→∞
0.

3. Òåîðåìà ×åáûøåâà:

(a) Ïóñòü:

i. ξ1, ξ2, ..., ξn � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû

ii. M1,M2, ...,Mn � èõ ìàò. îæèäàíèå

iii. D1, D2, ..., Dn � èõ äèñïåðñèÿ

iv. Di ≤ C ∀i
(b) Òîãäà:

i. 1
n

∑n
k=1(ξk −Mk)

p−−−−→
n→∞

0

ii. P ( 1
n |
∑n
k=1(ξk −Mk)| > ε) −−−−→

n→∞
0

(c) Äîêàçàòåëüñòâî:

i. η = 1
n

∑n
k=1 ξk � ñðåäíåå àðèôìåòè÷åñêîå

ii. Mη = 1
n

∑n
k=1Mk

iii. Dη = 1
n2

∑n
k=1Dk

iv. P (|η −Mη| > ε) ≤
1
n2

∑
Dk

ε2 ≤
1
n2 cn

ε2 = c
nε2 −−−−→n→∞

0

(d) Ñëåäñòâèå:

i. ξ1, ..., ξn îäèíàêîâî ðàñïðåäåëåíû =⇒ 1
n

∑n
k=1 ξk

p−−−−→
n→∞

M

4. Òåîðåìà Áåðíóëëè: P (| kn − PA| < ε) −−−−→
n→∞

0

(a) ξi � ÷èñëî ïîÿâëåíèÿ ñîáûòèÿ A â i-ì îïûòå
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(b)
ξi 0 1
p 1− p p

i. Mξi = p

ii. Dξi = p− p2 = pq

iii.
∑n
i=1 ξi = k

n

(c) P (|η −Mη| > ε) = P (| kn − p| > ε)→ 0

5. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

(a) Ïóñòü:

i. ξ1, ..., ξn � íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âå-
ëè÷èíû

ii. Mξi = M

iii. Dξi = D

iv. fξi = f

(b) Òîãäà:

i. Ôóíêöèÿ ðàñïðåäåëåíèÿ öåíòðèðîâàííîé è íîðìèðîâàííîé ñóì-
ìû ñëó÷àéíûõ âåëè÷èí ñòðåìèòñÿ ê ñòàíäàðòíîìó íîðìàëüíîìó
ðàñïðåäåëåíèþ ïðè S →∞.

ii. P (
∑n
k=1 ξk−nM
σ
√
n

< x) −−−−→
n→∞

1√
2π

´ x
−∞ e−

t2

2 dt

iii.
∑n
k=1 ξk −−−−→n→∞

N(nM, σ
√
n)

6. Èíòåãðàëüíàÿ òåîðåìà Ìóàâðà-Ëàïëàñà

(a) P (k1 ≤ k ≤ k2) = P (k1−nM
σ
√
n
≤ k−nM

σ
√
n
≤ k2−nM

σ
√
n

) =

= 1√
2π

´ k2−nM
σ
√
n

k1−nM
σ
√
n

e−
t2

2 dt = Φ(k2−np√
npq )− Φ(k1−np√

npq )

7. Ïðèìåð: Ñòðåëîê ñòðåëÿåò â ìèøåíü. Âåðîÿòíîñòè ïîïàäàíèÿ:
7 8 9 10
0.1 0.1 0.3 0.5

. Íàéòè âåðîÿòíîñòü íàáîðà áîëåå 940 î÷êîâ çà 100

âûñòðåëîâ.

(a) ξk � ÷èñëî î÷êîâ ïðè k-ì âûñòðåëå

(b)
ξk 7 8 9 10
p 0.1 0.1 0.3 0.5

i. Mξk = 9.2

47



Àâòîð êîíñïåêòà: Äìèòðèé Êàðèõ (karikh.d@gmail.com), ãðóïïà ÈÑÁÎï-01-14

ii. Dξk ≈ 1

iii. σ ≈ 1

(c) η =
∑1000
k=1 ξk

(d) η = N(nM, σ
√
n) = N(920, 10)

(e) P (η > 940) = Φ(1000−920
10 )− Φ( 940−920

10 ) = Φ(8)− Φ(2) ≈ 0.023

Êîíòðîëüíàÿ ðàáîòà �2

1. Äâå çàäà÷è íà äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû (îáùåãî âèäà è íà îäíî
èç ðàñïðåäåëåíèé (Áåðíóëëè, Ïóàññîíà, ...))

2. Äâå çàäà÷è íà íåïðåðûâíûå ñëó÷àéíûå âåëè÷èíû (îáùåãî âèäà è íà îäíî
èç ðàñïðåäåëåíèé (ðàâíîìåðíîå, ïîêàçàòåëüíîå, íîðìàëüíîå))

3. Âåêòîð

4. Ôóíêöèÿ

×àñòü XIV

Ñåìèíàð 6 (22.04.16)

Ñëó÷àéíûå âåêòîðû

1. x è y íàçàâèñèìû ⇒ P (x = xi, y = yi) = P (x = xi) · P (y = yi)

2. kxy = M(xy)−Mx ·My � êîðåëëÿöèîííûé ìîìåíò

(a) kxy 6= 0⇒ x è y êîððåëèðîâàíû ⇒ çàâèñèìû

(b) kxy = 0⇒ x è y íåêîððåëèðîâàíû

i. x è y íåçàâèñèìû ⇒ kxy = 0 (îáðàòíîå íå âñåãäà âåðíî)

3. M(αX + βY ) = αMX + βMY � ìàò. îæèäàíèå

4. D(αX + βY ) = α2DX + β2DY + 2kxyαβ � äèñïåðñèÿ

5. Ïðèìåð:

y\x 26 30 41 50
2.3 0.05 0.12 0.08 0.04
2.7 0.09 0.3 0.11 0.21

;
∑
P (xi, yj) = 1
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(a)
x 26 30 41 50
P 0.05 + 0.09 = 0.14 0.42 0.19 0.25

∑
pi = 1

(b)
y 2.3 2.7
P 0.05 + 0.12 + 0.08 + 0.04 = 0.29 0.71

∑
pi = 1

(c) P (x = 26, y = 2.3) = 0.05; P (x = 26) · P (y = 2.3) = 0.14 · 0.29 = 0.041
⇒ çàâèñèìû

(d) MX = 0.14 · 26 + 0.42 · 30 + 41 · 0.19 + 50 · 0.25 = 36.53
MY = 2.3 · 0.29 + 2.7 · 0.71 = 2.584

(e)

x y P X · Y
26 2.3 0.05 59.8
26 2.7 0.09 70.2
30 2.3 0.12 69
30 2.7 0.3 81
41 2.3 0.08 94.3
41 2.7 0.11 110.7
50 2.3 0.04 115
50 2.7 0.21 135

(f)
XY 59.8 70.2 69 81 94.3 110.7 115 135
P 0.05 0.09 0.12 0.3 0.08 0.11 0.04 0.21

(g) M(XY ) = 59.8 ∗ 0.05 + 70.2 ∗ 0.09 + 69 ∗ 0.12 + 81 ∗ 0.3+
+94.3 ∗ 0.08 + 110.7 ∗ 0.11 + 115 ∗ 0.04 + 135 ∗ 0.21 = 94.56

(h) kxy = 94.56− 36.53 ∗ 2.58 = 0.3126

6. Ïðèìåð:

y\x -1 0 2
-1 1/4 1/8 1/8
0 0 1/4 0
1 1/8 0 1/8

(a)

x y P xy
-1 -1 1/4 1
-1 0 0 0
-1 1 1/8 -1
0 -1 1/8 0
0 0 1/4 0
0 1 0 0
2 -1 1/8 -2
2 0 0 0
2 1 1/8 2
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(b)
x -1 0 2
P 3/8 3/8 2/8

∑
pi = 1

(c)
y -1 0 1
P 4/8 2/8 2/8

∑
p1 = 1

(d) MX = −3/8 + 4/8 = 1/8
MY = −4/8 + 2/8 = −2/8

(e)
XY 1 0 -1 -2 2
P 1/4 3/8 1/8 1/8 1/8

(f) M(XY ) = 1/4− 1/8 = 1/8

(g) kxy = 1
8 + 1

8 ·
2
8 = 5

32 6= 0⇒ çàâèñèìû

(h) Äëÿ z = 2y − x:

i.

x y P 2y − x
-1 -1 1/4 -1
-1 0 0 1
-1 1 1/8 3
0 -1 1/8 -2
0 0 1/4 0
0 1 0 2
2 -1 1/8 -4
2 0 0 -2
2 1 1/8 0

ii.
z -1 1 3 -2 0 2 -4
P 1/4 0 1/8 1/8 3/8 0 1/8

∑
pi = 1

iii. 1 ñïîñîá: ïî ðÿäó ðàñïðåäåëåíèÿ

A. MZ = − 5
8

iv. 2 ñïîñîá: ïî ñâîéñòâó ëèíåéíîé êîìáèíàöèè

A. MZ = − 1
8 + 2(− 2

8 ) = − 5
8

Íåïðåðûâíûå ñëó÷àéíûå âåêòîðû

1. x è y íåïðåðûâíû ⇒ F (x, y); f(x, y)

2. x è y íåçàâèñèìû ⇔ F (x, y) = Fx(x) · Fy(y); f(x, y) = fx(x) · fy(y)

3. P ((x, y) ∈ G) =
˜
G
f(x, y)dxdy

4. fx(x) =
´∞
−∞ f(x, y)dy; fy(y) =

´∞
−∞ f(x, y)dx
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5. MX =
´ +∞
−∞ x · fx(x)dx; MY =

´∞
−∞ y · fy(y)dy

6. M(XY ) =
˜∞
−∞ xy · f(x, y)dxdy

7. Ïðèìåð: (x, y) ðàñïðåäåëåíû ðàâíîìåðíî âíóòðè òðåóãîëüíèêà ñ âåðøè-
íàìè A(0, 4), B(4, 0), C(0, 0). Íàéòè f(x, y), fx(x), fy(y), çàâèñèìîñòü x è y,
kxy, P (0 < x < 1, 1 < y < 3).

(a) f(x, y) =

{
1
8 , (x, y) ∈ 4
0, (x, y) 6∈ 4

(b)
˜
4 c dxdy = c · S4 = 8c; 8c = 1; c = 1

8

(c) fx(x) =
´ 4−x

0
1
8dy =

{
4−x

8 , x ∈ [0, 4]

0, x 6∈ [0, 4]

fy(y) =
´ 4−y

0
1
8dx =

{
4−y

8 , x ∈ [0, 4]

0, x 6∈ [0, 4]

(d) fx(x)·fy(y) =

{
0, x, y 6∈ 4
1
64 (4− x)(4− y), x, y ∈ 4

6= f(x, y)⇒ x è y çàâèñèìû

(e) MX =
´ 4

0
x · 4−x

8 dx = 1
8 (4x

2

2 −
x3

3 )|40 = 4
3

MY =
´ 4

0
y · 4−y

8 dy = 4
3

(f) M(XY ) =
˜
4 xy

1
8dxdy = 1

8

´ 4

0
x dx
´ 4−x

0
y dy =

= 1
8

´ 4

0
x(4−x)2

2 dx = 4
3

(g) kxy = 4
3 − ( 4

3 )2 6= 0⇒ x è y çàâèñèìû

(h) P (0 < x < 1, 1 < y < 3) =
˜

�
1
8dxdy = 1

8

´ 1

0
dx
´ 3

1
dy = 1

4

8. Ïðèìåð: f(x, y) = A
(1+x2)(1+y2)

(a)
´∞
−∞ dx

´∞
−∞

A
(1+x2)(1+y2) =

= A
´∞
−∞

1
1+x2 dx(arctg(∞)− arctg(−∞)) = A · π2 = 1

(b) A = 1
π2

(c) fx(x) = 1
π2

´∞
−∞

1
(1+x2)(1+y2)dy = 1

π(1+x2)

fy(y) = 1
π(1+y2)

(d) f(x, y) = fx(x) · fy(y)⇒ x è y íåçàâèñèìû

(e) P (|x| < 1, |y| < 1) = 1
π2

´ 1

−1
dx

1+x2

´ 1

−1
dy

1+y2 = 1
π2

π
2
π
2 = 1

4
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(f) F (x, y) = 1
π2

´ x
−∞

du
(1+u2)

´ y
−∞

dv
(1+v2) = 1

π2 (arctg x+ π
2 )(arctg y + π

2 )

9. Ïðèìåð: f(x, y) =

{
A(x+ y), 0 ≤ x, y ≤ 1

0, ...
. Íàéòè MX, MY , DX, DY ,

kxy

10. Ïðèìåð: f(x, y) =

{
Ae−xe−y, x, y ≥ 0

0, x, y < 0

×àñòü XV

Ëåêöèÿ 9 (25.04.16)

5 Îïðåäåëåíèå ñëó÷àéíîãî ïðîöåññà. Òðàåêòîðèè

è ñå÷åíèÿ ïðîöåññà öåïè Ìàðêîâà. Ìàòðèöà ïå-

ðåõîäà âåðîÿòíîñòåé. Òåîðåìà ñóùåñòâîâàíèÿ ïðå-

äåëüíîãî ðàñïðåäåëåíèÿ öåïè Ìàðêîâà. Ýðãî-

íîìè÷íîñòü öåïèÌàðâîêà. Ìàðêîâñêèå ïðîöåñ-

ñû ñ íåïðåðûâíûì âðåìåíåì. Óðàâíåíèÿ Êîëì-

áîðîâà. Ýðãîíîìè÷íîñòü ìàðêîâñêèõ ïðîöåññîâ.

1. Ðàíåå ïîçíàêîìèëèñü ñî ñëó÷àéíûìè âåëè÷èíàìè, îáîçíà÷àåìûìè ëèáî
ξ, η, ëèáîX,Y è ò.ä. Ñëó÷àéíàÿ âåëè÷èíàX áûëà îïðåäåëåíà íà íåêîòîðîì
âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω, F, P ).

2. Îïðåäåëåíèå: Ñëó÷àéíûì ïðîöåññîì áóäåì íàçûâàòü ñåìåéñòâî ñëó-
÷àéíûõ âåëè÷èí, îïðåäåëåííûõ íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω, F, P ),
çàâèñÿùèõ îò ïàðàìåòðà t.

3. Òðàåêòîðèÿ ïðîöåññà íå ÿâëÿåòñÿ ñëó÷àéíîé ôóíêöèåé.

4. Ñå÷åíèå ïðîöåññà X(t, ω) � ñëó÷àéíàÿ âåëè÷èíà X(tk, ω). Â ðàçíûå ìî-
ìåíòû âðåìåíè ïîëó÷àåì ðàçíûå ñëó÷àéíûå âåëè÷èíû.

5. Ôàçîâîå ïðîñòðàíñòâî ïðîöåññà X(t, ω) � ìíîæåñòâî åãî çíà÷åíèé.

(a) Ôàçîâîå ñîñòîÿíèå ïðîöåññà è ìíîæåñòâî åãî ñîñòîÿíèé ìîæåò áûòü
êàê äèñêðåòíûì, òàê è íåïðåðûâíûì.
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(b) Ìíîæåñòâî T (t ∈ T ) òàêæå ìîæåò áûòü äèñêðåòíûì èëè íåïðåðûâ-
íûì.

6. Ñî÷åòàÿ ýòè âîçìîæíîñòè ìíîæåñòâà T è ôàçîâîãî ïðîñòðàíñòâà ïðîöåññà
X(t, n) ïîëó÷àåì 4 òèïà ñëó÷àéíûõ ïðîöåññîâ.

5.1 Ñëó÷àéíàÿ ïîñëåäîâàòåëüíîñòü

1. Ïðîöåññ X(t, ω), ó êîòîðîãî T äèñêðåòíî è ôàçîâîå ïðîñòðàíñòâî äèñêðåò-
íî, íàçûâàåòñÿ ñëó÷àéíîé ïîñëåäîâàòåëüíîñòüþ.

2. Öåïü Ìàðêîâà (èëè ìàðêîâñêàÿ öåïü) ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé �
ñëó÷àéíàÿ ïîñëåäîâàòåëüíîñòü, óäîâëåòâîðÿþùàÿ ñëåäóþùèì ñâîéñòâàì:

(a) Ìàðêîâñêîå ñâîéñòâî: P (X(tk) = ξk|x(t1)=ξ1,...,x(tk−1)=ξk−1
) = P{x(tk) =

ξk/X(tk−1) = ξk−1}

3. Ìàòðèöà ïåðåõîäíûõ âåðîÿòíîñòåé èç ñîñòîÿíèÿ i â ëþáîå ñîñòîÿíèå j:

P(1) =


p11 p12 ... p1k

p21 p22 ... p2k

... ... ... ...
pk1 pk2 ... pkk


(a) pij � âåðîÿòíîñòü ïåðåõîäà èç ñîñòîÿíèÿ i â ñîñòîÿíèå j.

(b) Ñâîéñòâà:

i. pij ≥ 0

ii.
∑k
i=1 pij = 1

4. Ðàññìîòðèì îäíîðîäíóþ öåïü Ìàðêîâà. Ìàòðèöà ïåðåõîäíûõ âåðîÿòíî-
ñòåé îñòàåòñÿ ïîñòîÿííîé ïðè ïåðåõîäå îò ìîìåíòà âðåìåíè m ê (m+ 1).

(a) P (1) = P (0) · P(1)

(b) P (2) = P (1)P(1) = P (0)P 2
(1)

(c) P (n) = P (0)Pn(1) = P (m)Pn−m(1)

(d) P (∞) = limn→∞ P (n)

i. P (∞) � ïðåäåëüíîå ðàñïðåäåëåíèå

5. Òåîðåìà 1: Ïðåäåëüíîå ðàñïðåäåëåíèå öåïè Ìàðêîâà ñóùåñòâóåò òîãäà è
òîëüêî òîãäà, êîãäà |P − λE| = 0 èìååò êîðåíü λ = 1 � åäèíñòâåííûé íà
åäèíè÷íîé îêðóæíîñòè.
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6. Òåîîðåìà 2: Ïðåäåëüíîå ðàñïðåäåëåíèå öåïè Ìàðêîâà, íå çàâèñÿùåå îò
íà÷àëüíîãî ðàñïðåäåëåíèÿ îò íà÷àëüíîãî ðàñïðåäåëåíèÿ P (0), ñóùåñòâóåò
òîãäà è òîëüêî òîãäà, êîãäà êîðåíü λ = 1 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
|P − λE| = 0 áóäåò åäèíñòâåííûì íà åäèíè÷íîé îêðóæíîñòè, à òàêæå
ïðîñòûì.

7. Ïðèìåðû:

(a) Ïóñòü P =

(
1 0
0 1

)
. Òîãäà |P − λE| = 0 =⇒

∣∣∣∣1− λ 0
0 1− λ

∣∣∣∣ = 0 =⇒

(1− λ)2 = 0; λ = 1, íî ýòî äâóõêðàòíûé êîðåíü.

i. P (1) = P (0) · P = P (0)

ii. P (2) = P (0) · P 2 = P (0) · P
iii. p(n) = P (0)

iv. limn→∞ p(n) = P (0), ò.å. ñóùåñòâóåò p(∞) = P (0), íî îíî çàâèñèò
îò íà÷àëüíîãî ðàñïðåäåëåíèÿ.

8. Òåîðåìà 3: Åñëè ïðåäåëüíîå ðàñïðåäåëåíèå ñóùåñòâóåò, òî îíî ñîâïàäàåò
ñî ñòàöèîíàðíûì ðàñïðåäåëåíèåì P

∗
.

9. Îïðåäåëåíèå: Ñòàöèîíàðíîå ðàñïðåäåëåíèå P
∗

= (p∗1, p
∗
2, ..., p

∗
k) � ðàñ-

ïðåäåëåíèå âåðîÿòíîñòåé ñîñòîÿíèé (ξ, ξk), êîòîðîå íå ìåíÿåòñÿ îò øàãà ê
øàãó, ò.å. ïðè ïðèìåíåíèè ìàòðèöû ïåðåõîäíûõ âåðîÿòíîñòåé P ïîëó÷àåì
îïÿòü òî æå ðàñïðåäåëåíèå âåðîÿòíîñòåé.

(a) Çàïèøåì â âèäå ñèñòåìû ëèíåéíûõ óðàâíåíèé:

i.

{
P
∗

= P
∗ · P

P
∗
1 + P

∗
2 + ...+ P

∗
k = 1

=



P
∗
1 = (p∗1, p

∗
2, ..., p

∗
k)

P
∗
2 = (p∗1, p

∗
2, ..., p

∗
k)

...

P
∗
k = (p∗1, p

∗
2, ..., p

∗
k)

p∗1 + p∗2 + ...+ p∗k = 1

10. Òåîðåìà 4: Åñëè âñå êîìïîíåíòû ïðåäåëüíîãî âåêòîðà ðàñïðåäåëåíèÿ ïî-
ëîæèòåëüíû, òî öåïü Ìàðêîâà ýðãîíîìè÷íà, ò.å. äëÿ íåêîòîðîãî n âñå
âåðîÿòíîñòè pi(∞) > 0 è ñëåäîâàòåëüíî öåïü Ìàðêîâà ìîæåò ñ ïîëîæè-
òåëüíîé âåðîÿòíîñòüþ íàõîäèòüñÿ â ëþáîì èç ñîñòîÿíèé.

(a) Åñëè êàêèå-òî êîìïîíåíòû pi(∞) ðàâíû íóëþ, òî öåïü Ìàðêîâà íå
ýðãîíîìè÷íà.
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×àñòü XVI

Ñåìèíàð 7 (06.05.16)

1. Çàäà÷à 3.2 èç ÒÐ: y = y(x); f(x) � ïëîòíîñòü ðàñïðåäåëåíèÿ

(a) x = x(y)

(b) x′y

(c) g(y) = f(x(y)) · |x′(y)|
(d) My =

´∞
−∞ y · g(y)dx

2. X � ðàâíîìåðíî ðàñïðåäåëåíà íà [−π2 ; π2 ]; íàéòè ïëîòíîñòü ðàñïðåäåëåíèÿ
g(y).

(a) y = sinx � ìîíîòîííà íà âñ¼ì èíòåðâàëå

i. f(x) = 1
π

ii. x = arcsin y

iii. x′ = 1√
1−y2

iv. g(y) = 1
π ·

1√
1−y2

; y ∈ (−1; 1)

(b) y = cosx � âîçðàñòàåò íà (−π2 ; 0) è óáûâàåò íà (0; π2 )

i. (−π2 ; 0)

A. x = − arccos y

B. x′ = 1√
1−y2

C. g(y) = 1
π ·

1√
1−y2

; (0, 1)

ii. (0; π2 )

A. x = arccos y

B. g(y) = 1
π ·

1√
1−y2

(c) y = x2

i. [−π2 ; 0] � óáûâàåò

A. x = −√y
B. x′ = − 1

2
√
y

ii. (0; π2 ] � âîçðàñòâåò

A. x =
√
y
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B. x′ = 1
2
√
y

iii. g(y) = 1
π ( 1

2
√
y + 1

2
√
y ) = 1

π
√
y ; y ∈ (0; π

2

4 )

3. Íàéòè ïëîñòíîñòü ðàñïðåäåëåíèÿ Y (X) è ìàò. îæèäàíèå MY .

f(x) =

{
1
2 sinx, x ∈ (0, π)

0, x 6∈ (0, π)
; y = x2.

(a) x =
√
y

(b) x′ = 1
2
√
y

(c) g(y) = 1
2 sin

√
y · 1

2
√
y ; y ∈ (0, π2)

(d) My =
´ π2

0
y · sin

√
y

4
√
y dy = 1

4

´ π2

0

√
y sin

√
ydy =

=

∣∣∣∣∣ t =
√
y dy = 2t dt

dt = dy
2
√
y

∣∣∣∣∣ = 1
2

´ π
0
t2 sin t dt =

=

∣∣∣∣ u = t2 dv = sin tdt
du = 2dt v = − cos t

∣∣∣∣ = − t
2

2 cos t|π0 +
´ π

0
t cos t dt =

= π2

2 +
´ π

0
t cos t dt =

∣∣∣∣ u = t du = dt
dv = cos t dt v = sin t

∣∣∣∣ =

= 1
2

´ π
0
t2 sin tdt = π2

2 + cos t|π0 = π2

2 − 2

4. f(x) =

{
1
2 cosx, x ∈ (−π2 ; π2 )

0, x 6∈ (−π2 ; π2 )
; y = 2|x| − π

4

(a) x ∈ (−π2 ; 0)

i. y = −2x− π
4

ii. −2x = y + π
4 ; x = −y2 −

π
8

iii. x′ = − 1
2

iv. g1(y) = 1
2 cos(−y2 −

π
8 )− 1

2

(b) x ∈ (0; π2 )

i. y = 2x− π
4

ii. x = y
2 + π

8

iii. x′ = 1
2

iv. g2(y) = 1
2 cos(y2 + π

8 )− 1
2

(c) g(y) = 1
2 cos(y2 + π

8 ); y ∈ (−π4 ; 3π
4 )
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(d) My = 1
2

´ 3π
4

−π4
y cos(y2 + π

8 )dy

5. f(x) = 1√
2π
e−

x2

2

(a)
´ +∞

0
e−

t2

2 dt =
√

2π
2

6. P (1) =

(
0.2 0.8
0.3 0.7

)
; S1, S2; P (0) =

(
0.3 0.7

)
; P (2) � ?

(a) P (n) = P (0) · Pn

(b) P (2) =
(
0.3 0.7

)
·
(

0.2 0.8
0.3 0.7

)2

=

=
(
0.3 0.7

)(0.2 0.8
0.3 0.7

)(
0.2 0.8
0.3 0.7

)
=

=
(
0.273 0.727

)
7. P (1) =

(
1
2

1
2

0 1

)
; Íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå Pc =?

(a) pc = pc · P

(b)
(
p1 p2

)
=
(
p1 p2

)( 1
2

1
2

0 1

)
(c)

{
1
2p1 = p1

1
2p1 + p2 = p2

{
p1 = 0

p2 = 1

(d) pc =
(
0 1

)
8. Çàäà÷à 5.1 èç ÒÐ: S = {s1, s2, s3}; λ =

 1 0
0 3
2 1

; Ñîñòàâèòü ãðàô ñîñòî-

ÿíèé ñèñòåìû. Ñîñòàâèòü óðàâíåíèÿ Êîëìîãîðîâà.

(a) *ãðàô*

(b)


∂p1
∂t = 2p3 − p1
∂p2
∂t = p1 + p3 − 3p2
∂p3
∂t = 3p2 − 2p3 − p3
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(c) pc :


2p3 − p1 = 0

p1 + p3 − 3p2 = 0

3p2 − 3p3 = 0

×àñòü XVII

Ñåìèíàð 8 (20.05.16)

1. Êîðåëëÿöèîííàÿ ôóíêöèÿ Kξ(t1, t2), Mξ, η(t) = L0
t (ξ(t)) + ϕ(t), ãäå Lt0 �

ëèíåéíîå ïðåîáðàçîâàíèå. Íàéòè Kη(t1, t2), Mη, Dη.

(a) Mη(t) = L0
t [Mξ(t)] + ϕ(t)

(b) Kη(t1, t2) = L0
t1L

0
t2 [Kξ(t1, t2)]

(c) Dη(t) = Kξ(t, t)

2. Ïðèìåð 1 (çàäà÷à 5.1 èç ÒÐ):Kξ(t1, t2) = t31t
3
2+cos 3t1 cos 3t2;Mξ(t) = e2t;

η(t) = t2dξ
dt + sin 5t

(a) Mη(t) = t2(e2t)′ + sin 5t = 2t2e2t + sin 5t

(b) Kη(t1, t2) = L0
t1(L0

t2 [t31t
3
2 + cos 3t1 cos 3t2]) =

= L0
t1 [t22(t313t22 − 3 cos 3t1 sin 3t2)] =

= L0
t1(3t31t

4
2 − 3t22 cos 3t1 sin 3t2) =

= t21(9t21t
4
2 + 9t22 sin 3t1 sin 3t2)

(c) Dη(t) = 9t8 + 9t4 sin2 3t

3. Ïðèìåð 2: Kξ(t1, t2) = 2e5te5t2 ; Mξ(t) = cos 6t; η(t) =
√
t sin t · (ξ(t) + t2)

(a) η(t) =
√
t sin t · ξ(t) +

√
t sin t · t2

i. L0
t =
√
t sin t · ξ(t)

(b) Mη(t) =
√
t sin t cos 6t+

√
t sin t · t2

(c) Kξ(t1, t2) = L0
t1L

0
t2 [2e5t1 · e5t2 ] =

= L0
t1 [
√
t2 sin t22e5t1 · 5e5t2 ] =

=
√
t1 sin t1

√
t2 sin t22e5t1e5t2

(d) Dη(t) = t sin2 t · 2e10t

4. Ïðèìåð 3: Kξ(t1, t2) = t41 · t42; Mξ(t) = sin 3t; η(t) = t
´ t

0
ξ(τ)dτ + e5t
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(a) L0
t = t

´ t
0
ξ(τ)dτ

(b) Mη(t) = t
´ t

0
sin 3τdτ + e5t = − t

3 cos 3t+ 1
3 t+ e5t

(c) Kη(t1, t2) = L0
t1L

0
t2(t41t

4
2) = L0

t1 [t2
´ t2

0
t41τ

4
2 dτ2] =

= L0
t1(t2t

4
1
t52
5 ) =

t62
5 · t1

´ t1
0
τ4
1 dτ = 1

25 t
6
2t

6
1

(d) Dη(t) = 1
25 t

12

5. ξ(t) = ξ1ϕ1(t) + ξ2ϕ2(t) + ...+ ξnϕn(t) + ϕ0(t)

(a) Mξ = ϕ0(t)

(b) Kξ(t1, t2) =
∑n

1 Dkϕk(t1) · ϕk(t2)

(c) Dξ(t) = Kξ(t, t)

6. Ïðèìåð 4 (3.3): ξ(t) = ξ1 + ξ2te
2t + 3iξ3 sin 2t; D1 = 4; D2 = 2; D3 = 2

(a) ϕ0(t) = 0; ϕ1(t) = 1; ϕ2(t) = te2t; ϕ3(t) = 3i sin 2t

(b) Mξ = 0

(c) Kξ(t1, t2) = 4 · 1 · 1 + 2t1e
2t1 · t2e2t2 + 2 · 3i sin 2t1 · 3i sin 2t2 =

= 4 + 2t1t2e
2t1e2t2 + 18 sin 2t1 sin 2t2

(d) Dξ(t) = 4 + 2t2e4t1 + 18 sin2 2t

7. Ïðèìåð 5: ξ(t) = ξ1e
5it + iξ2t

3 + ξ3 cos 2t

(a) Mξ = 0

(b) Kξ(t1, t2) = 2e5ite5it2 + 3it31it
3
2 + 4 cos 2t1cos 2t2 =

= 2e5it1e−5it2 + 3t31t
3
2 + 4 cos 2t1 cos 2t2

(c) Dξ(t) = 2 + 3t6 + 4 cos2 2t

×àñòü XVIII

Ëåêöèÿ 10 (23.05.16)

5.2 Õàðàêòåðèñòèêè ñëó÷àéíûõ ïðîöåññîâ

1. Ñëó÷àéíûé ïðîöåññ ξ(t, ω), ãäå t � âðåìÿ

2. ξ(t, x)
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3. Eξ(x1, ..., xnt1, ..., tn) = P (ξ(t1) < x1, ...., ξ(t1) < xn)

4. f(x, ..., xnt1, ..., tn) = ∂FN

∂x1...∂xn

5. Ïðè ôèêñèðîâàíèè t ïîëó÷àåì Fξ(x, t) = P (ξ(t) < x), fξ(t, x) =
∂Fξ
∂x

6. Mξ(t) =
´∞
−∞ ξ(t, x)fξ(t, x)dx

7. Dξ(t) = M(ξ(t)−Mξ(t))
2 = M(ξ(t))2 − (Mξ(t))

2

8. Ïóñòü ξ(t, x) - ñëó÷àéíàÿ ôóíêöèÿ; ϕ(t) - ðåãóëÿðíàÿ ôóíêöèÿ

(a) Mϕ(t) = ϕ(t)

(b) Mϕξ(t) = ϕ(t)Mξ(t)

(c) Mξ+η(t) = Mξ(t) +Mη(t)

(d) Dϕ(t) = 0

(e) Dϕξ(t) = (ϕ(t))2Dξ(t)

(f) Dϕ+ξ(t) = Dξ(t)

9. ξ(t) = ξ1(t) + iξ2(t) - êîìïëåêñíîçíà÷íûé ñëó÷àéíûé ïðîöåññ

10. Kξ(t1, t2) � àâòîêîððåëÿöèÿ (àâòîêîâàðèàöèÿ) � ñâÿçü ìåæäó ñå÷åíèÿìè
ñëó÷àéíîãî ïðîöåññà

(a) Kξ(t1, t2) = M [(ξ(t1)−Mξ(t1))(ξ(t2)−Mξ(t2))] =

= M [(ξ(t1)−Mξ(t1))(ξ(t2)−Mξ(t2))]

11. Kξη(t1, t2) � ñâÿçü ìåæäó ðàççíûìè ñëó÷àéíûìè ïðîöåññàìè

(a) Kξη(t1, t2) = M [(ξ(t1)−Mξ(t1))(η(t2)−Mη(t2))] =

= M [(ξ(t1)−Mξ(t1))(η(t2)−Mη(t2))]

12. Ñâîéñòâà:

(a) Kξ(t1, t2) = Kξ(t2, t1)

(b) Kξη(t1, t2) = Kηξ(t2, t1) = Kηξ(t2, t1)

(c) Kϕ(t1, t2) = 0

(d) Kϕξ(t1, t2) = ϕ(t1)ϕ(t2)Kξ(t1, t2) = ϕ(t1)ϕ(t2)Kξ(t1, t2)

(e) Kϕ+ξ(t1, t2) = Kξ(t1, t2)
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(f) Kξ(t, t) = Dξ(t)

(g) Kξη(t1, t2) ≤
√
Dξ(t1)Dη(t2) � íåðàâåíñòâî Øâàðöà

(h) Kξ+η(t1, t2) = Kξ(t1, t2) +Kη(t1, t2) +Kξη(t1, t2) +Kηξ(t1, t2)

(i) Kξ(t1, t2) = M(ξ(t1)ξ(t2))−Mξ(t1)Mξ(t2)

13. Ïðèìåð 1: ξ(t) = A cos(ωt + ϕ), ãäå A,ω � êîíñòàíòû, ϕ � ñëó÷àéíàÿ

âåëè÷èíà. fϕ(x) =

{
1

2π , |x| ≤ π
0, |x| > π

. Íàéòè Mξ(t), Dξ(t), Kξ(t1, t2).

(a) Mξ(t) =
´∞
−∞ ξ(t, x)fξ(t, x)dx = A

2π

´ π
−π cos(ωt+ ϕ)dϕ =

= A
2π sin(ωt+ ϕ)|π−π = 0

(b) Kξ(t1, t2) = 1
2π

´ π
−π A cos(ωt1 + ϕ) ·A cos(ωt2 + ϕ)dϕ =

= A2

2π

´ π
−π(cos(ω(t1 + t2) + 2ϕ) + cos(ω(t1 − t2)) =

= A4

4π cosω(t1 − t2)ϕ|π−π = A2

2 cos(ω(t1 − t2))

(c) Dξ(t) = Kξ(t, t) = A2

2

14. Îïðåäåëåíèå: Êàíîíè÷åñêîå ðàçëîæåíèå (èëè ïðåäñòàâëåíèå) ñëó÷àéíîãî
ïðîöåññà, êîãäà ξ(t) = ϕ0(t) + ξ1ϕ1(t) + ...ξnϕn(t), ãäå ξi � ñëó÷àéíûå âå-

ëè÷èíû, Mξi = 0∀i, Kξiξj =

{
0, i 6= j

Di > 0, i = j

(a) Mξ(t) = ϕ0(t)

(b) Kξ(t1, t2) =
∑n
i=1 ϕi(ti)ϕi(t2)Di

(c) Dξ(t) = Kξ(t, t) =
∑n
i=1 |ϕi(t)|2Di

15. Ïðèìåð 2: Äàíî êàíîíè÷åñêîå ðàçëîæåíèå ñëó÷àéíîãî ïðîöåññà ξ(t) = t2 +
cosωtξ1 + sinωtξ2 + e−3itξ3 + 4i

√
tξ4; Dξ1 = Dξ2 = 2; Dξ3 = Dξ4 = 5. Íàéòè

Mξ(t), Dξ(t), Kξ(t1, t2).

(a) Mξ(t) = t2

(b) Kξ(t1, t2) = cosωt1 · cosωt2 · 2 + sinωt2 · sinωt2 · 2+
+e−3it1e3it2 · 5 + 4i

√
t1(−4i

√
t2) · 5 =

= 2 cos(ω(t1 − t2)) + 5e3i(t2−t1) + 16
√
t1t2 · 5

(c) Dξ(t) = Kξ(t, t) = 2 + 5 + 80t = 7 + 80t
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5.3 Ëèíåéíûå ïðåîáðàçîâàíèÿ ñëó÷àéíûõ ïðîöåññîâ

1. Îïðåäåëåíèå: ξ(t) ñõîäèòñÿ â ñðåäíåêâàäðàòè÷åñêîì ê ñëó÷àéíîé âå-
ëè÷èíå ξ0 ïðè t→ t0 (l.i.m.t→t0ξ(t) = ξ0), åñëè M(ξ(t)− ξ0)2 −−−→

t→t0
0.

2. Òåîðåìà: Åñëè ∃ l.i.m.t→t0ξ(t) = ξ0, òî M(l.i.mt→t0ξ(t)) = limt→t0 Mξ(t).

3. Îïðåäåëåíèå: Ïðîèçâîäíàÿ ñó÷àéíîãî ïðîöåññà ξ′(t) = dξ
dt = l.i.m.∆t→0

ξ(t+∆t)−ξ(t)
∆t

4. Òåîðåìà Mξ′(t) = (Mξ(t))
′; Kξ′(t1, t2) = ∂

∂t1
∂
∂t2
Kξ(t1, t2)

5. Îïðåäåëåíèå: Èíòåãðàë ñëó÷àéíîãî ïðîöåññà
´ t

0
ξ(τ)dτ = l.i.m.max ∆τk→0

∑n
k=1 ξ(τ

∗
k )∆τk

6. Òåîðåìà: η(t) =
´ t

0
ξ(τ)dτ ;Mη(t) =

´ t
0
Mξ(τ)dτ ;Kη(t1, t2) =

´ t1
0

´ t2
0
Kξ(τ1, τ2)dτ1dτ2

7. Òåîðåìà: Ïóñòü η(t) = Aξ(t) + ϕ(t) � ëèíåéíîå ïðåîáðàçîâàíèå, ãäå A
� ëèíåéíîå ïðåîáðàçîâàíèå, ϕ(t) � ðåãóëÿðíàÿ ôóíêöèÿ. Òîãäà Mη(t) =
AMξ(t) + ϕ(t); Kη(t1, t2) = At1At2Kξ(t1, t2); Dη(t) = Kη(t, t).

8. Ïðèìåð 1: η(t) = t(dξdt +e−t);Mξ(t) = cos 3t; Kξ(t1, t2) = t21t
2
2.. ÍàéòèMη(t),

Kη(t1, t2), Dη(t).

(a) η(t) = tdξdt + te−t

i. Aξ = tdξdt
ii. ϕ(t) = te−t

(b) Mη(t) = t(cos 3t)′ + te−t = −3t sin 3t+ te−t

(c) Kη(t1, t2) = t1t2
∂
∂t1

∂
∂t2
t21t

2
2 = t1t2 · 2t1 · 2t2 = 4t21t

2
2

(d) Dη(t) = Kξ(t, t) = 4t4

9. Ïðèìåð 2: η(t) = sin t
´ t

0
(τ3−ξ(τ))dτ ;Mξ(t) = e5t; Kξ(t1, t2) = sin 4t1 sin 4t2.

Íàéòè Mη, Dη, Kη(t1, t2).

(a) η(t) = sin t
´ t

0
τ3dτ − sin t

´ t
0
ξ(τ)dτ = t4

4 sin t− sin t
´ t

0
ξ(τ)dτ

(b) Mη(t) = t4

4 sin t− sin t
´ t

0
e5τdτ = sin t( t

4

4 −
e5t−1

5 )

(c) Kη(t1, t2) = sin t1 sin t2
´ t1

0

´ t2
0

sin 4τ1 sin 4τ2dτ1dτ2 =

= sin t1 sin t2
16 (− cos 4t1 + 1)(− cos 4t2 + 1)

(d) Dη(t) = Kη(t, t) = sin2 t
16 (1− cos 4t)2
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×àñòü XIX

Êîíñóëüòàöèÿ (14.06.16)

1. 1.1,1.2 � ñëó÷àéíûå ñîáûòèÿ

(a) Ñòóäåíò èç 20 âîïðîñîâ âûó÷èë 5. Êàêîâà âåðîÿòíîñòü ñäà÷è ýêçàìå-
íà, åñëè â áèëåòå, ñîäåðæàùåì 4 âîïðîñà, íóæíî îòâåòèòü íå ìåíåå,
÷åì íà 3 âîïðîñà?

i. A1 � 3 âîïðîñà

ii. A2 � 4 âîïðîñà

iii. P (A) = P (A1) + P (A2)

iv. 20(5)→ 4(3); P (A1) =
C3

5C
1
15

C4
20

v. 20(5)→ 4(4); P (A2) =
C4

5C
0
15

C4
20

(b) Êîëè÷åñòâî ñòóäåíòîâ â 3õ ãðóïïàõ îòíîñèòñÿ êàê 1 : 2 : 3. Êîëè÷å-
ñòâî îòëè÷íèêîâ 10%, 30%, 15% ñîîòâåòñòâåííî. Èç âñåõ ñëó÷àéíûì
îáðàçîì âûáèðàåòñÿ 1 ñòóäåíò. Íàéòè âåðîÿòíîñòü òîãî, ÷òî âûáðàí-
íûé ñòóäåíò � îòëè÷íèê. Íàéòè âåðîÿòíîñòü òîãî, ÷òî âûáðàííûé
îòëè÷íèê èç ïåðâîé ãðóïïû.

i. H1 � èç 1 ãðóïïû; P (H1) = 1
6 ; P (A/H1) = 0.1

ii. H2 � èç 2 ãðóïïû; P (H2) = 2
6 ; P (A/H2) = 0.3

iii. H3 � èç 3 ãðóïïû; P (H3) = 3
6 ; P (A/H3) = 0.15

iv. P (A) =
∑
P (Hi)P (A/Hi) = 1

6 · 0.1 + 1
6 · 0.6 + 1

6 · 0.45

v. P (H1/A) = P (H1)·P (A/H1)
P (A) =

1
6 ·0.6
P (A)

(c) Â áèëåòå 5 âîïðîñîâ. Âåðîÿòíîñòü îòâåòà íà ëþáîé èç âîïðîñîâ 0.3.
Íàéòè âåðîÿòíîñòü, ÷òî ñòóäåíò îòâåòèò áîëåå, ÷åì íà 3 âîïðîñà.

i. A � ñòóäåíò îòâåòèë íà âîïðîñ

ii. P (A) = 0.3; n = 5

iii. P (k > 3) = P (k = 4) + P (k = 5) = C4
50.340.71 + C5

50.350.70

2. 2.1,2.2 � ñëó÷àéíûå âåëè÷èíû

(a) Äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû, ðàñïðåäåëåíèÿ

i. Ñèãíàë ñîñòîèò èç 2 òî÷åê è 1 òèðå. Âåðîÿòíîñòü èñêàæåíèÿ òî÷êè
0.1, à òèðå 0.2. Ïîñòðîèòü ðÿä ðààñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àé-
íîé âåëè÷èíû ξ � ÷èñëà èñêàæåííûõ ñèìâîëîâ. Íàéòè Mξ, Dξ è
Fξ(x).
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A.

- - -
- - +
- + -
+ - -
- + +
+ + -
+ - +
+ + +

ξ p
0 0.92 · 0.8
1 2 · 0.1 · 0.9 · 0.8 + (0.9)2 · 0.2
2 (0.1)2 · 0.8 + 2 · 0.1 · 0.9 · 0.2
3 0.12 · 0.2

B. Mξ =
∑
ξipi

C. Dξ =
∑
ξ2
i pi − (Mξ)2

(b) Íåïðåðûâíûå ñëó÷àéíûå âåëè÷èíû, ðàñïðåäåëåíèÿ

i. Îøèáêà èçìåðåíèÿ ïðèáîðà ðàñïðåäåëåíà ïî íîðìàëüíîìó çàêî-
íó. Ñèñòåìàòè÷åñêàÿ îøèáêà îòñóòñòâóåò. Êàêóþ ìàêñèìàëüíóþ
ïî àáñîëþòíîé âåëè÷èíå îøèáêó ìîæíî äîïóñòèòü ñ âåðîÿòíî-
ñòüþ 0.9, åñëè σ = 3ìì?

A. P (a ≤ ξ ≤ b) = Φ( b−Mσ )− Φ(a−Mσ )

B. P (|ξ −m| < ε) ≈ 2Φ( εσ )

C. 0.45 = Φ( εσ ); εσ = 1.9; ε = 1.93
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