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ÂÂÅÄÅÍÈÅ

Îñíîâíûå òåìû ïî êóðñó ìàòåìàòè÷åñêîãî àíàëèçà II ñå-
ìåñòðà (äíåâíîå îòäåëåíèå)

1. Íåîïðåäåëåííûé èíòåãðàë. Ìåòîäû èíòåãðèðîâàíèÿ (çàìå-
íà ïåðåìåííîé, èíòåãðèðîâàíèå ïî ÷àñòÿì). Èíòåãðèðîâàíèå
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé, òðèãîíîìåòðè÷åñêèõ âûðà-
æåíèé è âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

2. Îïðåäåëåííûé èíòåãðàë, îñíîâíûå ñâîéñòâà. Òåîðåìà Íüþòî-
íà - Ëåéáíèöà. Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà (âû÷èñ-
ëåíèå ïëîùàäåé ïëîñêèõ ôèãóð, äëèíû äóãè êðèâîé, îáúåìà
òåëà âðàùåíèÿ è ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ).

3. Íåñîáñòâåííûå èíòåãðàëû (îò ôóíêöèé íà áåñêîíå÷íîì èí-
òåðâàëå è îò íåîãðàíè÷åííûõ ôóíêöèé). Ïðèçíàêè ñõîäèìî-
ñòè.

4. Äâîéíîé èíòåãðàë, îñíîâíûå ñâîéñòâà. Ñâåäåíèå ê ïîâòîðíî-
ìó èíòåãðèðîâàíèþ. Âû÷èñëåíèå â ïîëÿðíûõ êîîðäèíàòàõ.
Ïðèëîæåíèÿ äâîéíîãî èíòåãðàëà ê ãåîìåòðèè è ìåõàíèêå.

5. Òðîéíîé èíòåãðàë, îñíîâíûå ñâîéñòâà. Ñâåäåíèå ê ïîâòîðíî-
ìó èíòåãðèðîâàíèþ. Âû÷èñëåíèå â öèëèíäðè÷åñêèõ è ñôåðè-
÷åñêèõ êîîðäèíàòàõ. Ïðèëîæåíèÿ òðîéíîãî èíòåãðàëà ê ãåî-
ìåòðèè è ìåõàíèêå.

6. Êðèâîëèíåéíûå èíòåãðàëû (ïî äëèíå äóãè è ïî êîîðäèíà-
òàì), îñíîâíûå ñâîéñòâà è âû÷èñëåíèå. Ôîðìóëà Ãðèíà.

7. Ïîâåðõíîñòíûå èíòåãðàëû, èõ âû÷èñëåíèå.

8. Ñêàëÿðíîå ïîëå. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ, ãðàäèåíò.
Ñâîéñòâà ãðàäèåíòà, âû÷èñëåíèå.

9. Âåêòîðíîå ïîëå. Äèâåðãåíöèÿ è ðîòîð âåêòîðíîãî ïîëÿ, îñ-
íîâíûå ñâîéñòâà.
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10. Ïîòîê âåêòîðíîãî ïîëÿ, âû÷èñëåíèå ïîòîêà íåïîñðåäñòâåííî
è ïî òåîðåìå Îñòðîãðàäñêîãî - Ãàóññà.

11. Öèðêóëÿöèÿ âåêòîðíîãî ïîëÿ, âû÷èñëåíèå öèðêóëÿöèè íåïî-
ñðåäñòâåííî è ïî òåîðåìå Ñòîêñà.

Äàííûé ìàòåðèàë èçëàãàåòñÿ ñòóäåíòàì íà ëåêöèÿõ è ïðàêòè-
÷åñêèõ çàíÿòèÿõ. Îò ñòóäåíòà òðåáóåòñÿ óñïåøíîå îâëàäåíèå ìà-
òåðèàëîì ïî óêàçàííûì òåìàì, ò.å. íåîáõîäèìî çíàòü îïðåäåëåíèÿ
ïîíÿòèé, ôîðìóëèðîâêè è äîêàçàòåëüñòâà îñíîâíûõ òåîðåì êóðñà.
Ñòóäåíò òàêæå äîëæåí ïðîäåìîíñòðèðîâàòü óìåíèå ðåøàòü çàäà-
÷è äàííîãî êóðñà.

Â òå÷åíèå ñåìåñòðà ïî êóðñó ìàòåìàòè÷åñêîãî àíàëèçà ïðîâî-
äÿòñÿ äâå êîíòðîëüíûå ðàáîòû è âûïîëíÿåòñÿ òèïîâîé ðàñ÷åò.
Êîíòðîëüíàÿ ðàáîòà �1 ïðîâîäèòñÿ ïðèìåðíî íà 6-é íåäåëå îáó÷å-
íèÿ, êîíòðîëüíàÿ ðàáîòà �2 ïðîâîäèòñÿ ïðèìåðíî íà 13-é íåäåëå,
à ñäà÷à òèïîâîãî ðàñ÷åòà � â êîíöå ñåìåñòðà.

Êîíòðîëüíàÿ ðàáîòà �1

Òåìà.
”
Ìåòîäû èíòåãðèðîâàíèÿ. Îïðåäåëåííûé èíòåãðàë è åãî

ïðèëîæåíèÿ“.
Öåëü. Ïðîâåðèòü óñâîåíèå îñíîâíûõ ïðèåìîâ èíòåãðèðîâàíèÿ;

ïðîâåðèòü óìåíèÿ âû÷èñëÿòü îïðåäåëåííûé èíòåãðàë è ñ ïîìî-
ùüþ îïðåäåëåííîãî èíòåãðàëà íàõîäèòü ïëîùàäè ïëîñêèõ ôèãóð,
äëèíû äóã è ò.ä.

Ñîäåðæàíèå. Â êîíòðîëüíóþ ðàáîòó âõîäÿò çàäà÷è, èäåíòè÷-
íûå çàäà÷àì ÷àñòè 1 äàííîãî ïîñîáèÿ (ò.å. çàäà÷è �1.1, 1.2, 1.3).

Êîíòðîëüíàÿ ðàáîòà �2

Òåìà.
”
Íåñîáñòâåííûå èíòåãðàëû. Äâîéíîé è òðîéíîé èíòåãðà-

ëû, èõ ïðèëîæåíèÿ“.
Öåëü. Ïðîâåðèòü óñâîåíèå îñíîâíûõ ïðèåìîâ èññëåäîâàíèÿ íå-

ñîáñòâåííûõ èíòåãðàëîâ íà ñõîäèìîñòü è èõ âû÷èñëåíèÿ; ïðîâå-
ðèòü óìåíèå âû÷èñëÿòü äâîéíûå è òðîéíûå èíòåãðàëû è ðåøàòü
ãåîìåòðè÷åñêèå çàäà÷è ñ ïîìîùüþ ýòèõ èíòåãðàëîâ.
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Ñîäåðæàíèå. Â êîíòðîëüíóþ ðàáîòó �2 âõîäÿò çàäà÷è, èäåí-
òè÷íûå çàäà÷àì èç ÷àñòè 2 äàííîãî ïîñîáèÿ (ò.å. �2.1, 2.2, 2.3,
2.4, 2.5).

Òèïîâîé ðàñ÷åò

Òåìà.
”
Êðèâîëèíåéíûé è ïîâåðõíîñòíûé èíòåãðàëû. Òåîðèÿ

ïîëÿ“.
Öåëü. Ïðîâåðèòü óìåíèå âû÷èñëÿòü êðèâîëèíåéíûå èíòåãðà-

ëû ïî êîîðäèíàòàì íåïîñðåäñòâåííî è ïî ôîðìóëå Ãðèíà, âû÷èñ-
ëÿòü ïîâåðõíîñòíûå èíòåãðàëû, îïåðèðîâàòü îñíîâíûìè ïîíÿòèÿ-
ìè òåîðèè ïîëÿ, âû÷èñëÿòü ïîòîê è öèðêóëÿöèþ âåêòîðíîãî ïîëÿ.

Ñîäåðæàíèå. Â òèïîâîé ðàñ÷åò âõîäÿò çàäà÷è èç ÷àñòè 3 (� 3.1,
3.2, 3.3, 3.4).

Òèïîâîé ðàñ÷åò âûïîëíÿåòñÿ êàæäûì ñòóäåíòîì â îòäåëüíîé
òåòðàäè â ñîîòâåòñòâèè ñ íàçíà÷åííûì åìó íîìåðîì âàðèàíòà.
Ñòóäåíò îáúÿñíÿåò ðåøåíèÿ çàäà÷ ïðåïîäàâàòåëþ, îòâå÷àåò íà âî-
ïðîñû. Òèïîâîé ðàñ÷åò òàêæå ïðåäúÿâëÿåòñÿ â íà÷àëå ýêçàìåíà
(çà÷åòà).

Ïî èòîãàì îáó÷åíèÿ ïðîâîäèòñÿ ýêçàìåí (çà÷åò). Ïðèìåðíûé
âàðèàíò ýêçàìåíàöèîííîãî áèëåòà: áèëåò ñîñòîèò èç 3-õ ÷àñòåé.
Ïåðâàÿ ÷àñòü ñîîòâåòñòâóåò ñîäåðæàíèþ êîíòðîëüíîé ðàáîòû �1,
âòîðàÿ ÷àñòü îõâàòûâàåò ìàòåðèàë êîíòðîëüíîé ðàáîòû �2, òðå-
òüÿ � çàäà÷è òèïîâîãî ðàñ÷åòà.

ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÂÎÏÐÎÑÛ Ê ÝÊÇÀÌÅÍÓ
(ÇÀ×ÅÒÓ)

1. Îïðåäåëåíèå ïåðâîîáðàçíîé, òåîðåìà î ìíîæåñòâå ïåðâîîá-
ðàçíûõ.

2. Íåîïðåäåëåííûé èíòåãðàë. Îñíîâíûå ñâîéñòâà (ëèíåéíîñòü,
èíòåãðàë îò ïðîèçâîäíîé ôóíêöèè).

3. Íåîïðåäåëåííûé èíòåãðàë. Çàìåíà ïåðåìåííîé â èíòåãðàëå.

4. Íåîïðåäåëåííûé èíòåãðàë. Èíòåãðèðîâàíèå ïî ÷àñòÿì.



6

5. Îáùàÿ ñõåìà èíòåãðèðîâàíèÿ ðàöèîíàëüíûõ ôóíêöèé.

6. Èíòåãðèðîâàíèå ïðîñòåéøèõ äðîáåé.

7. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé.

8. Èíòåãðèðîâàíèå äðîáíî-ëèíåéíûõ èððàöèîíàëüíîñòåé.

9. Èíòåãðèðîâàíèå êâàäðàòè÷íûõ èððàöèîíàëüíîñòåé. Òðèãî-
íîìåòðè÷åñêèå ïîäñòàíîâêè.

10. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, ãåîìåòðè÷åñêèé è ìå-
õàíè÷åñêèé ñìûñë. Èíòåãðèðîâàíèå êóñî÷íî-íåïðåðûâíîé
ôóíêöèè.

11. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, ñâîéñòâà ëèíåéíîñòè è
àääèòèâíîñòè, èíòåãðèðîâàíèå íåðàâåíñòâ.

12. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, òåîðåìà î ñðåäíåì, åå
ãåîìåòðè÷åñêèé ñìûñë.

13. Òåîðåìà î äèôôåðåíöèðîâàíèè èíòåãðàëà ïî âåðõíåìó ïðå-
äåëó. Ôîðìóëà Íüþòîíà-Ëåéáíèöà.

14. Çàìåíà ïåðåìåííîé è èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåí-
íîì èíòåãðàëå. Ïðèìåðû.

15. Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð â ïðÿìîóãîëüíûõ è ïî-
ëÿðíûõ êîîðäèíàòàõ ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà.

16. Îïðåäåëåíèå äëèíû êðèâîé. Âû÷èñëåíèå äëèíû
êóñî÷íî-ãëàäêîé êðèâîé.

17. Âû÷èñëåíèå îáúåìà òåëà ïî ïëîùàäÿì åãî ïëîñêèõ ñå÷åíèé.
Îáúåì òåëà âðàùåíèÿ.

18. Âû÷èñëåíèå ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ.

19. Íåñîáñòâåííûå èíòåãðàëû îò íåîãðàíè÷åííûõ ôóíêöèé. Ïðè-
ìåðû ñõîäÿùèõñÿ è ðàñõîäÿùèõñÿ èíòåãðàëîâ.
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20. Íåñîáñòâåííûå èíòåãðàëû îò ôóíêöèè íà áåñêîíå÷íîì èíòåð-
âàëå. Ïðèìåðû ñõîäÿùèõñÿ è ðàñõîäÿùèõñÿ èíòåãðàëîâ.

21. Íåñîáñòâåííûå èíòåãðàëû: ïðèçíàêè ñõîäèìîñòè.

22. Îïðåäåëåíèå äâîéíîãî èíòåãðàëà è åãî ãåîìåòðè÷åñêèé
ñìûñë.

23. Ñâîéñòâà ëèíåéíîñòè è àääèòèâíîñòè äâîéíîãî èíòåãðàëà.
Ñâåäåíèå äâîéíîãî èíòåãðàëà ê ïîâòîðíîìó.

24. Äâîéíîé èíòåãðàë: èíòåãðèðîâàíèå íåðàâåíñòâ, îöåíêà èíòå-
ãðàëà, òåîðåìà î ñðåäíåì.

25. Çàìåíà ïåðåìåííûõ â äâîéíîì èíòåãðàëå. Äâîéíîé èíòåãðàë
â ïîëÿðíûõ êîîðäèíàòàõ.

26. Ãåîìåòðè÷åñêèå è ìåõàíè÷åñêèå ïðèëîæåíèÿ äâîéíîãî èíòå-
ãðàëà.

27. Îïðåäåëåíèå òðîéíîãî èíòåãðàëà. Ñâåäåíèå òðîéíîãî èíòå-
ãðàëà ê ïîâòîðíîìó.

28. Çàìåíà ïåðåìåííûõ â òðîéíîì èíòåãðàëå. Òðîéíîé èíòåãðàë
â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. Ïðèìåð âû÷èñëåíèÿ.

29. Çàìåíà ïåðåìåííûõ â òðîéíîì èíòåãðàëå. Òðîéíîé èíòåãðàë
â ñôåðè÷åñêèõ êîîðäèíàòàõ. Âû÷èñëåíèå ïëîùàäè ñôåðû.

30. Îïðåäåëåíèå êðèâîëèíåéíîãî èíòåãðàëà ïî äëèíå äóãè, åãî
ãåîìåòðè÷åñêèé è ìåõàíè÷åñêèé ñìûñë, âû÷èñëåíèå.

31. Îïðåäåëåíèå, îñíîâíûå ñâîéñòâà êðèâîëèíåéíîãî èíòåãðàëà
ïî êîîðäèíàòàì è åãî âû÷èñëåíèå.

32. Ðàáîòà ñèëîâîãî ïîëÿ. Ôèçè÷åñêèé ñìûñë êðèâîëèíåéíîãî
èíòåãðàëà ïî êîîðäèíàòàì.

33. Òåîðåìà Ãðèíà.
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34. Óñëîâèå íåçàâèñèìîñòè êðèâîëèíåéíîãî èíòåãðàëà ïî êîîð-
äèíàòàì îò âûáîðà ïóòè èíòåãðèðîâàíèÿ (íà ïëîñêîñòè).

35. Âû÷èñëåíèå ïëîùàäè ãëàäêîé ïîâåðõíîñòè.

36. Îïðåäåëåíèå èíòåãðàëà ïåðâîãî òèïà ïî ïîâåðõíîñòè. Îñíîâ-
íûå ñâîéñòâà è åãî âû÷èñëåíèå.

37. Îïðåäåëåíèå è ñâîéñòâà èíòåãðàëîâ âòîðîãî òèïà ïî ïîâåðõ-
íîñòè, âû÷èñëåíèå.

38. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ è ãðàäèåíò ñêàëÿðíîãî ïîëÿ.
Ãåîìåòðè÷åñêèé ñìûñë ãðàäèåíòà, åãî ñâîéñòâà.

39. Äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ. Îñíîâíûå ñâîéñòâà è åå âû-
÷èñëåíèå.

40. Ðîòîð âåêòîðíîãî ïîëÿ. Îñíîâíûå ñâîéñòâà è åãî âû÷èñëåíèå.

41. Çàäà÷à î âû÷èñëåíèè êîëè÷åñòâà æèäêîñòè, ïðîòåêàþùåé çà
åäèíèöó âðåìåíè ÷åðåç äàííóþ ïîâåðõíîñòü.

42. Ïîòîê âåêòîðíîãî ïîëÿ è åãî âû÷èñëåíèå.

43. Òåîðåìà Ãàóññà-Îñòðîãðàäñêîãî.

44. Öèðêóëÿöèÿ âåêòîðíîãî ïîëÿ è åå âû÷èñëåíèå.

45. Òåîðåìà Ñòîêñà. Ôîðìóëà Ãðèíà êàê ÷àñòíûé ñëó÷àé òåîðå-
ìû Ñòîêñà.

46. Óñëîâèå íåçàâèñèìîñòè êðèâîëèíåéíîãî èíòåãðàëà ïî êîîð-
äèíàòàì îò âûáîðà ïóòè èíòåãðèðîâàíèÿ â ïðîñòðàíñòâå.

47. Îïðåäåëåíèå è îñíîâíûå ñâîéñòâà ïîòåíöèàëüíîãî è ñîëåíî-
èäàëüíîãî ïîëåé.

Ðåêîìåíäóåìàÿ ëèòåðàòóðà

1. Ôèõòåíãîëüö Ã.Ì. Êóðñ äèôôåðåíöèàëüíîãî è èíòåãðàëüíîãî
èñ÷èñëåíèÿ.- ÑÏá.: 1997.
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2. Âûñøàÿ ìàòåìàòèêà Ò.2./ Êðàñíîâ Ì.Ë. è äð.- Ì.: 2004.

3. Âûñøàÿ ìàòåìàòèêà Ò.4./ Êðàñíîâ Ì.Ë. è äð.- Ì.: 2004.

4. Ïèñüìåííûé Ä.Ò. Êîíñïåêò ëåêöèé ïî âûñøåé ìàòåìàòèêå.-
Ì.: Àéðèñ Ïðåññ, 2004.

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Ìåòîäû èíòåãðèðîâà-

íèÿ“ è
”
Îïðåäåëåííûé èíòåãðàë è åãî ïðèëîæåíèÿ“

Çàäà÷è ýòîé ÷àñòè ñîñòàâëÿþò îñíîâó êîíòðîëüíîé ðàáîòû �1.
Äëÿ óñïåøíîé ñäà÷è êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ ïðîðå-
øàòü âñå çàäà÷è ýòîé ÷àñòè.
Çàäà÷à 1.1. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë. Óêàçàíèå:

èñïîëüçîâàòü ìåòîä çàìåíû ïåðåìåííîé.

1

∫
arccos3 x− 5x+ 1√

1− x2
dx

2

∫ (
x− 5

x2 − 10x+ 7
+

1

x
(
1 + ln2 x

)) dx
3

∫ (
cos (ex) +

√
ex + 2

)
exdx

4

∫ (
sin

√
x+ 3x2

5
√
x

+
2x+ 3

x2 + 3x− 1

)
dx

5

∫
etg x +

√
tg x− 2

cos2 x
dx

6

∫ (
cosx

1 + 3 sinx
+

√
1 + lnx

x

)
dx

7

∫ √
arcctg x+ x− 7

1 + x2
dx

8

∫ (
1

(5x+ 2)2 + 1
+

1

(1 + x2) arctg3 x

)
dx
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9

∫
21/x + sin(1/x) + 3

x2
dx

10

∫ (
x3√

2x4 + 5
+

ln(tg x+ 2)

cos2 x

)
dx

11

∫
exdx

e2x + 2ex + 2

12

∫ (
ln(cosx+ 1) sinx

cosx+ 1
+

2

x
√
4− ln2 x

)
dx

13

∫ (
3sinx + 3

√
sinx+ 1 + 2

)
cosx dx

14

∫
e1/x + 8

√
x+ 1

x2
dx

15

∫
cosxdx

4 sin2 x− 1

16

∫
ex

2−1

ex2 − 1
x dx

17

∫ (
ecosx − 2 cos3 x+ 3

)
sinx dx

18

∫ (√
1 + 2

√
x

x
+ x3 cos

(
x4
))

dx

19

∫
sin (ln x) + 7

√
8x+ 2lnx

2x
dx

20

∫
x+ arcsin3 x+ 5√

1− x2
dx

21

∫
3
√
2 tg x+ 5 + 3tg x + 1

cos2 x
dx
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22

∫
ctg 5x− 1

cos2 5x
dx

23

∫
x
(
3−x

2

+ cos
(
10x2 + 2

)
+ 5
√
x
)
dx

24

∫ (
esin

2 x + cos 2x+ 1
)
sin 2x dx

25

∫ (
ex+2

√
e2x+4

+ tg 5x+ 2

)
dx

26

∫
cos(lnx+ 1) + ln x+ 5

√
4x

x
dx

27

∫ (
1

(arccos x+ 1)
√
1− x2

+ e5+sin2 x sin 4x

)
dx

28

∫
earctg 3x + 48x+ 1

1 + 9x2
dx

29

∫  ln(arccosx+ 1)

(arccosx+ 1)
√
1− x2

+
x

4

√
(2 + 3x2)3

 dx

30

∫ (
1

(1 + x2)
√
9− arctg2 x

+
3x− 4

1 + x2

)
dx

31

∫ (
1

√
1− x2

√
4− arcsin2 x

+
5x+ 6√
1− x2

)
dx

32

∫ (
ln3 x− 2

x
√
lnx

+
1√

1− x2(1 + arcsin x)

)
dx

Çàäà÷à 1.2. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë. Óêàçàíèå:
èñïîëüçîâàòü ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì.
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1

∫
x2e−2xdx 2

∫
x arctg 2x dx

3

∫
e5x sin 3x dx 4

∫ (
5− x2

)
cosx dx

5

∫
2x dx

sin2 x
6

∫
e2x sin2 x dx

7

∫ (
7− x2

)
sinx dx 8

∫ (
2x2 + x− 3

)
sinx dx

9

∫
ln
(
x2 + 1

)
dx 10

∫
arcsin 5x dx

11

∫
sin(lnx) dx 12

∫
ln
(
sin2 x

)
dx

cos2 x

13

∫
(x+ 2)2 cos 2x dx 14

∫
x arcsinx√

1− x2
dx

15

∫
sinx ln(cosx) dx 16

∫
ln(arctg x)

1 + x2
dx

17

∫
e2x
(
ln e2x + 1

)
dx 18

∫
ln sin x

cos2 x
dx

19

∫
arcsin

√
x√

1− x
dx 20

∫ (
5x2 − 8x+ 2

)
e−x dx

21

∫
cos 2x

e3x
dx 22

∫
arcsin2 x dx

23

∫ (
x2 + 5

)
ln 2x dx 24

∫ (
2

sin2 x
+ x lnx

)
x dx

25

∫
x arcsin(2x) dx 26

∫ sin
1

x
x3

dx

27

∫
(x+ 3) arctg 3x dx 28

∫ cos
x

2
+ sin

x

2
3
√
ex

dx
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29

∫
ln tg x

sin2 x
dx 30

∫
x tg2 x dx

31

∫
3
√
x ln2 x dx 32

∫ (
x2 − 2x+ 3

)
5x dx

Çàäà÷à 1.3. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé.

1

∫
x2 − 3x+ 6

x2 − 4x− 12
dx 2

∫
x2 − x− 4

x2 − 2x− 8
dx

3

∫
x2 + 2x+ 3

x2 + x− 20
dx 4

∫
x2 + 6

x2 − x− 6
dx

5

∫
x2 − x+ 4

x2 − 2x− 15
dx 6

∫
x2 + 9x− 6

x2 + 4x− 12
dx

7

∫
x2 + 4x− 27

x2 − x− 20
dx 8

∫
x2 + 6x− 6

x2 + x− 6
dx

9

∫
x2 + 7x− 6

x2 + 2x− 8
dx 10

∫
x2 + 7x− 14

x2 + 2x− 15
dx

11

∫
2x2 − 3x+ 16

2x2 + x− 3
dx 12

∫
x2 + 7x+ 15

x2 + 5x+ 6
dx

13

∫
x2 + 3x+ 6

x2 + 2x− 3
dx 14

∫
x2 + x+ 15

x2 − x− 12
dx

15

∫
2x2 + 15x+ 43

2x2 + 11x+ 12
dx 16

∫
x2 + 12x− 4

x2 + x− 2
dx

17

∫
x2 − 7x+ 21

x2 − 5x+ 4
dx 18

∫
x2 − 7x+ 15

x2 − 5x+ 6
dx

19

∫
2x2 + 3x+ 21

2x2 − x− 6
dx 20

∫
x2 − x− 21

x2 − 2x− 8
dx

21

∫
x2 − 3x− 4

x2 − 4x+ 3
dx 22

∫
x2 + 6x− 2

x2 + 3x− 10
dx



14

23

∫
x2 − 7x+ 14

x2 − 8x+ 15
dx 24

∫
x2 + 9x+ 30

x2 + 8x+ 12
dx

25

∫
x2 − 4x− 2

x2 − 9x+ 20
dx 26

∫
x2 + 11x+ 14

x2 + 6x+ 8
dx

27

∫
x2 − 8x+ 13

x2 − 7x+ 12
dx 28

∫
x2 + 13x+ 21

x2 + 5x+ 4
dx

29

∫
x2 − 6x− 25

x2 − 5x− 14
dx 30

∫
x2 + x− 18

x2 − 4x− 5
dx

Çàäà÷à 1.4. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé.

1

∫
x2 − x+ 6

x2 − 2x+ 2
dx 2

∫
x2 + 5x+ 18

x2 + 4x+ 13
dx

3

∫
x2 − 3x+ 7

x2 − 4x+ 13
dx 4

∫
x2 − 5x+ 5

x2 − 6x+ 13
dx

5

∫
x2 − x− 1

x2 − 2x+ 5
dx 6

∫
x2 + 5x+ 11

x2 + 4x+ 8
dx

7

∫
x2 − 5x+ 17

x2 − 6x+ 18
dx 8

∫
x2 − 7x+ 27

x2 − 8x+ 25
dx

9

∫
x2 − 3x+ 8

x2 − 4x+ 5
dx 10

∫
x2 + 3x+ 4

x2 + 2x+ 10
dx

11

∫
x2 + 7x+ 5

x2 + 6x+ 10
dx 12

∫
x2 − 9x+ 23

x2 − 10x+ 26
dx

13

∫
x2 + 3x+ 6

x2 + 2x+ 2
dx 14

∫
x2 + 7x+ 17

x2 + 6x+ 18
dx

15

∫
x2 − 3x+ 7

x2 − 4x+ 13
dx 16

∫
x2 + 11x+ 22

x2 + 10x+ 26
dx

17

∫
x2 + 9x+ 27

x2 + 8x+ 25
dx 18

∫
x2 + 5x+ 4

x2 + 4x+ 5
dx
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19

∫
x2 − x+ 13

x2 − 2x+ 10
dx 20

∫
x2 − 5x+ 8

x2 − 6x+ 13
dx

21

∫
x2 − 7x+ 15

x2 − 8x+ 17
dx 22

∫
x2 + 3x+ 3

x2 + 2x+ 5
dx

23

∫
x2 − 7x+ 15

x2 − 8x+ 20
dx 24

∫
x2 − 9x+ 31

x2 − 10x+ 29
dx

25

∫
x2 + 9x+ 15

x2 + 8x+ 17
dx 26

∫
x2 + 11x+ 33

x2 + 10x+ 34
dx

27

∫
x2 + 9x+ 25

x2 + 8x+ 20
dx 28

∫
x2 + 11x+ 27

x2 + 10x+ 29
dx

29

∫
x2 − 9x+ 35

x2 − 10x+ 34
dx 30

∫
x2 + 7x+ 17

x2 + 6x+ 13
dx

Çàäà÷à 1.5. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
òðèãîíîìåòðè÷åñêèõ âûðàæåíèé.

1

∫
dx

3 sin x− 4 cos x

2

∫
sinx cosx

(3 + cosx)2
dx

3

∫
cos4 x · sin3 x dx

4

∫
sin3 x

cos3 x
dx

5

∫
sin4 x

cos6 x
dx

6

∫
sin2 x · cos4 x dx

7

∫
sin 2x · sin 3x · sin 11x dx
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8

∫
dx

5− 3 sin x+ 4 cos x

9

∫
dx

sin2 x · cos3 x

10

∫
cos9 x · sin10 x dx

11

∫
cos5 x
3
√
sin2 x

dx

12

∫
sin7 x

cos13 x
dx

13

∫
sin4 x · cos6 x dx

14

∫
sinx · cos 2x · cos 3x dx

15

∫
2 dx

1 + sinx+ 2 cosx

16

∫
sin3 x+ sinx

1 + cos2 x
dx

17

∫
sin5 x · cos6 x dx

18

∫
sin7 x dx

cosx · 3
√
cos2 x

19

∫
cos4 x

sin8 x
dx

20

∫
cos6 x · sin8 x dx

21

∫
cosx · cos 3x · cos 4x dx
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22

∫
dx

4 cosx+ 3 sin x− 1

23

∫
sin4 x− 1

cos3 x
dx

24

∫
cos7 x · sin4 x dx

25

∫
cos11 x dx

sin2 x · 5
√
sinx

26

∫
3

√
cos2 x

sin6 x
dx

27

∫
cos4 x · sin6 x dx

28

∫
sin 11x · cos 5x · cos 3x dx

29

∫
1 + sin3 x

cos2 x
dx

30

∫
sin2 x cosx

sinx+ cosx
dx

Çàäà÷à 1.6. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

1

∫ √
x+ 1 dx√
x+ 1− 2

2

∫ √
4− x

x
dx

3

∫ √
x+ 2 dx√

(x+ 2)3 − 5
4

∫
dx

(x+ 5)
√
1 + x

5

∫
dx(

4
√
x+ 1− 3

)√
x+ 1

6

∫
dx√

x ( 3
√
x+ 4)
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7

∫
dx

4
√
x3(x− 1)

8

∫
dx(

4
√
2− x+ 1

)√
2− x

9

∫
dx√
x+ 3

√
x

10

∫
4
√
x dx

4
√
x5 + 1

11

∫ √
1− x dx√
1− x+ 6

12

∫ √
x+ 9

x
dx

13

∫
dx

3
√
x− 1−

√
x− 1

14

∫
dx

(x+ 11)
√
2 + x

15

∫
dx(

4
√
x+ 2− 5

)√
x+ 2

16

∫
dx(

3
√
x− 1 + 9

)√
x− 1

17

∫
dx

4
√
x3(x− 16)

18

∫
3
√
2− x dx

3
√
(2− x)4 + 6

19

∫
dx√
x− 3

√
x

20

∫ √
x− 4 dx

x+ 5

21

∫ √
x+ 2 dx√
x+ 2 + 3

22

∫ √
25− x

x
dx

23

∫
5
√
3− x dx

5
√

(3− x)6 − 1
24

∫
dx

(1 + x)
√
x− 3

25

∫
dx

( 4
√
x+ 1)

√
x

26

∫
dx√

x ( 3
√
x− 16)

27

∫
dx

4
√
x3(81− x)

28

∫ √
x dx

1− 4
√
x
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29

∫
dx√

x+ 2 + 3
√
x+ 2

30

∫
dx

(x+ 3)
√
x+ 7

Çàäà÷à 1.7. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

1

∫
(x+ 1) dx√
x2 − 8x+ 20

2

∫
(x+ 3) dx√
x2 − 6x+ 34

3

∫
(x+ 1) dx√
x2 − 4x+ 13

4

∫
(2x+ 5) dx√
x2 − 10x+ 16

5

∫
(x+ 2) dx√
x2 − 12x+ 37

6

∫
(x+ 3) dx√
x2 − 14x+ 58

7

∫
(2x− 7) dx√
x2 + 4x+ 68

8

∫
(x+ 3) dx√
x2 − 10x+ 24

9

∫
(2x− 3) dx√
x2 + 14x+ 48

10

∫
(x− 5) dx√
x2 − 2x+ 17

11

∫
(2x+ 3) dx√
x2 − 8x+ 32

12

∫
(x+ 2) dx√
x2 − 14x+ 54

13

∫
(2x+ 5) dx√
x2 − 6x+ 25

14

∫
(2x+ 7) dx√
x2 + 4x+ 53

15

∫
(x− 7) dx√
x2 − 16x+ 60

16

∫
(x+ 6) dx√
x2 − 2x+ 50

17

∫
(2x+ 3) dx√
x2 − 6x+ 48

18

∫
(x+ 1) dx√
x2 − 6x+ 5
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19

∫
(x− 2) dx√
x2 + 2x+ 10

20

∫
(3− x) dx√
x2 + 6x+ 10

21

∫
(x+ 4) dx√
x2 − 8x+ 7

22

∫
(1− x) dx√
x2 + 14x+ 33

23

∫
(2x+ 1) dx√
x2 − 4x+ 29

24

∫
(x− 3) dx√
x2 + 6x+ 8

25

∫
(2− x) dx√
x2 + 10x+ 24

26

∫
(2x+ 5) dx√
x2 − 14x+ 48

27

∫
(x− 6) dx√
x2 − 4x+ 48

28

∫
(x+ 1) dx√
x2 + 14x+ 48

29

∫
(x+ 2) dx√
x2 − 12x+ 35

30

∫
(4− x) dx√
x2 + 10x+ 16

Çàäà÷à 1.8. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

1

∫
x2 dx√
16− x2

2

∫ √
x2 − 9

x
dx

3

∫
x3
√
25− x2 dx 4

∫ √
x2 − 81

x2
dx

5

∫
dx√

(x2 + 4)3
6

∫ √
x2 − 1

x4
dx

7

∫
x2 dx√
25− x2

8

∫
dx√

(x2 − 16)3
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9

∫
x3 dx√
9− x2

10

∫
dx

x
√
x2 + 25

11

∫
dx

x
√
36− x2

12

∫
dx

x
√
x2 − 25

13

∫
dx

x2
√
81− x2

14

∫
dx

x2
√
x2 − 9

15

∫
dx

x2
√
x2 + 16

16

∫
x2 dx√
9− x2

17

∫ √
x2 − 25

x
dx 18

∫
x3
√

16− x2 dx

19

∫ √
x2 − 4

x2
dx 20

∫
dx√

(x2 + 16)3

21

∫ √
x2 − 36

x4
dx 22

∫
x2 dx√
4− x2

23

∫
dx√

(x2 − 25)3
24

∫
x3 dx√
81− x2

25

∫
dx

x
√
x2 + 4

26

∫
dx

x
√
16− x2

27

∫
dx

x
√
x2 − 9

28

∫
dx

x2
√
4− x2

29

∫
dx

x2
√
x2 − 25

30

∫
dx

x2
√
x2 + 81

Çàäà÷à 1.9. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë.
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1

π/4∫
−π/2

cos3 x dx
3
√
sinx

2

π/2∫
0

cosx dx

5 + 4 cos x

3

π/3∫
0

cos3 x · sin 2x dx 4

π/2∫
0

dx

1 + sin x+ 4 cos x

5

π/4∫
0

7 + tg x

(sinx+ 2 cos x)2
dx 6

2π∫
0

sin4 x · cos4 x dx

7

2∫
0

√
4− x2 dx 8

0∫
−1/2

x dx

2 +
√
2x+ 1

9

π/2∫
0

x cosx dx 10

1∫
√
2/2

√
1− x2

x2
dx

11

ln 5∫
0

ex
√
ex − 1

ex + 3
dx 12

e∫
1

(x+ 1) ln 5x dx

13

1∫
0

x dx

1 + x4
14

arctg(2/3)∫
0

(6 + tg x) dx

9 sin2 x+ 4 cos2 x

15

π/2∫
0

cosx− sinx

(1 + sin x)2
dx 16

0∫
−π/2

cosx dx

(1 + cosx− sinx)2

17

π∫
0

24 sin2 x · cos4 x dx 18

arccos(1/
√
3)∫

π/4

tg x dx

sin2 x− cos2 x+ 4



23

19

1∫
0

x dx

x2 + 3x+ 2
20

1∫
0

ex dx

1 + e2x

21

π/3∫
π/6

cos4 x sin3 x dx 22

e∫
1

lnx+ 1

x lnx
dx

23

ln 3∫
0

ex (ex − 3)

ex + 3
dx 24

π/3∫
π/6

(5x+ 1) cos 4x dx

25

4∫
0

x ln
(
x2 + 9

)
dx 26

π/2∫
0

sin 12x · cos 5x dx

27

(eπ/2)/5∫
1/5

sin ln 5x

3x
dx 28

1∫
0

3ex dx

e2x + 2ex + 2

29

π/2∫
0

arcsin 2x dx 30

1∫
0

(x+ 1) arctg x dx

Çàäà÷à 1.10. Âû÷èñëèòü ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà
ïëîùàäü ïëîñêîé ôèãóðû, îãðàíè÷åííîé êðèâûìè. Ñäåëàòü ÷åð-
òåæ.

1 ρ = 4 cos 4φ 2
y = 4− x2,

y =
√

4− x2

3
y = arccos

x

3
,

y = 0, x = 0
4 ρ = sin 6φ
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5
y = tg

x

2
,

y = 1, x = 0
6 ρ = 2 sin 4φ

7 ρ = 3(1− cosφ) 8
y = x2 − 1,

y =
√

1− x2

9 ρ = 2(1− cosφ) 10 ρ = 2 sin 3φ

11 ρ = cos 2φ 12
y = 2x− x2 + 3,

y = x2 − 4x+ 3

13
y = sin x, y = cos x

x = 0, x =
π

4

14
y = arccos

x

2
y = arccos x

15
y = (x− 2)2,

y = 4x− 8
16 ρ = 2(1− sinφ)

17
y = sin

x

2
, y = cos

x

2
,

x = 0, x =
π

2

18 ρ = 2 cos 6φ

19 ρ =
1

2
− sinφ 20 ρ = 1− sinφ

21
y = x

√
4− x2

y = 0, 0 6 x 6 2
22

y = 3x− x2 + 4,

y = x2 − 5x+ 4

23
y = tg

x

4
,

y =
√
3, x = 0

24
y = x2 − 2x+ 1,

y = 2x− 2
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25
y = tg

x

3
,

y =
1√
3
, x = 0

26 ρ = 4 sin 3φ

27 ρ = 3(1− sinφ) 28
y = arccos

x

4
,

x = 0, y = 0

29
y = x

√
9− x2,

0 6 x 6 3, y = 0
30

y = arccos
x

4
,

y = arccos x

31
y = (x− 3)2,

y = 6x− 18
32 ρ = 4 cos 3φ

Çàäà÷à 1.11. Âû÷èñëèòü ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà
äëèíó äóãè êðèâîé. Ñäåëàòü ÷åðòåæ.

1
y =

√
1− x2,

y = 1− x2
2

ρ = 3(1 + sinφ),

−π
6
6 φ 6 0

3 ρ = 2(1− cosφ), 4
y = 1− ln

(
x2 − 1

)
,

3 6 x 6 4

5
ρ = 1− sinφ,

−π
2
6 φ 6 −π

6

6
y = ln

(
x2 − 1

)
,

2 6 x 6 3

7
y = (x− 2)2,

0 6 x 6 6
8

ρ = 4(1− sinφ),

0 6 φ 6 π

6

9
y = ex + 4,

ln
√
8 6 x 6 ln

√
24

10
y = lnx,

√
3 6 x 6

√
15
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11
y = x2 − 1,

y =
√

1− x2
12 ρ = 2(1− cosφ),

13
ρ =

φ

2
,

−π
2
6 φ 6 π

2

14
ρ = 2φ,

0 6 φ 6 2

3

15 ρ = 3 sin 2φ, 16
y = ex + 3,

ln
√
3 6 x 6 ln

√
15

17
ρ = e2φ/3,

−π
2
6 φ 6 π

2

18
y =

√
2x− x2,

0 6 x 6 2

19
y =

√
−2x− x2,

−2 6 x 6 0
20

y = ln 7− lnx,
√
3 6 x 6

√
8

21
ρ = 8 sinφ,

0 6 φ 6 π

4

22
ρ = 4 cosφ,

0 6 φ 6 π

4

23
ρ = 4φ,

0 6 φ 6 3

4

24 ρ = 7(1− sinφ),

25
ρ = e3φ/4,

0 6 φ 6 π

3

26
y = ln

(
1− x2

)
,

0 6 x 6 1

4

27
y = 2x− x2 + 3,

−1 6 x 6 2
28

ρ = 5(1 + cosφ),

−π
3
6 φ 6 0
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29
y = x

√
9− x2,

0 6 x 6 3, y = 0
30

ρ = 2 cosφ,

0 6 φ 6 π

6

31 ρ = 3 sin 2φ, 32
y = ex + 5,

ln
√
15 6 x 6 ln

√
35

Çàäà÷à 1.12. Ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà íàéòè îáú-
åì òåëà, îáðàçîâàííîãî âðàùåíèåì ïëîñêîé ôèãóðû âîêðóã îñè
OX (VOX), âîêðóã îñè OY (VOY ) èëè âû÷èñëèòü ïëîùàäü ïîâåðõ-
íîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé âîêðóã îñè OX (SOX).
Ñäåëàòü ÷åðòåæ.

1
y = cos 2x,

y = 0, 0 6 x 6 π

4

SOX 2
y = sin

x

2
, y = cos

x

2
,

x = 0, x =
π

2

VOX

3
y = 4− x2,

y =
√
4− x2

VOX 4
y = sin 3x,

0 6 x 6 π

6

SOX

5
y = tg x,

y =
√
3, x = 0

VOX 6
y = arccos

x

2
,

x = 0, y = 0
VOY

7
y = x2 − 2x+ 1,

y = 0, x = 2
VOY 8 x2 + (y − 1)2 = 1 VOX

9
y = 1− x2,

y =
√
1− x2, x = 0

VOX 10
y = x

√
4− x2,

y = 0
VOX

11
y = sin x,

0 6 x 6 π

2

SOX 12
y = e1−x, y = 0,

x = 0, x = 1
VOX
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13
y = tg

x

2
,

y =
1√
3
, x = 0

VOX 14
y = (x− 1)2,

y = 1
VOY

15
y = arccos

x

2
,

y = arccosx
VOY 16

y = arccos x,

y = arcsin x, x = 0
VOY

17
y = cos 3x,

y = 0, 0 6 x 6 π

6

SOX 18
y = arccos

x

3
,

x = 0, y = 0
VOY

19
y = sin

x

2
,

0 6 x 6 π
SOX 20

y = −
√

−2x− x2,

y = 0
VOX

21
y = tg

x

4
,

y = 1, x = 0
VOX 22

y = sin
x

4
, y = cos

x

4
,

x = 0, x =
π

16

VOX

23
y =

√
9− x2,

y = x2 − 9
VOY 24

y = arccos
x

3
,

y = arccos x
VOY

25
y = cos

x

2
,

0 6 x 6 π
SOX 26

y = 4− x2,

y =
√

4− x2, x = 0
VOY

27
y = arccos 2x,

y = 0, x = 0
VOY 28

y = x2,

y = 0, x = 2
VOY

29
y = cos

x

3
, y = sin

x

3
,

0 6 x 6 3π

4

VOX 30 y2 = 2x− x2 SOX
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31
y = x

√
1− x2,

y = 0, 0 6 x 6 1
VOX 32

y = tg 2x,

y = 1, x = 0
VOX

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Íåñîáñòâåííûå èíòå-

ãðàëû“ è
”
Äâîéíîé è òðîéíîé èíòåãðàëû è èõ ïðèëî-

æåíèÿ“

Çàäà÷è ýòîé ÷àñòè ñîñòàâëÿþò îñíîâó êîíòðîëüíîé ðàáîòû �2.
Äëÿ óñïåøíîé ñäà÷è êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ ïðîðå-
øàòü âñå çàäà÷è ýòîé ÷àñòè.
Çàäà÷à 2.1. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë.

1

+∞∫
2

dx

x2 + x− 2
2

+∞∫
1/3

dx

x
(
1 + ln2 3x

)
3

+∞∫
0

xe−3x dx 4

π2/4∫
0

cos
√
x√

x
dx

5

1∫
0

dx√
x3 + 3

√
x

6

ln 4∫
0

dx√
ex − 1

7

+∞∫
−1

dx

4x2 + 16x+ 15
8

+∞∫
1

(
lnx

x

)2

dx

9

+∞∫
0

dx

chx
10

2
√
3/3∫

0

x dx√
16− 9x4

11

1∫
0

e
3
√
x

3
√
x2
dx 12

1/2∫
0

dx

(1 + 4x2)
√
arctg 2x
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13

+∞∫
1

x lnx dx

(1 + x2)2
14

+∞∫
0

e−2x cosx dx

15

+∞∫
ln 2

dx

sh x
16

1/6∫
0

dx√
(1− 9x2) arcsin 3x

17

1∫
0

(lnx)2dx 18

1∫
0

lnx√
x
dx

19

+∞∫
1

(3x+ 7) dx

(x+ 1)(x+ 2)(x+ 3)
20

+∞∫
√
3/3

dx

(1 + 9x2) (arctg 3x)2

21

1∫
0

dx
3
√
x5 + 3

√
x

22

+∞∫
0

x dx

x4 + 4x2 + 8

23

+∞∫
0

x2e−2xdx 24

+∞∫
1/5

dx

(1 + 25x2) arctg 5x

25

1/4∫
0

arcsin 4x√
1− 16x2

dx 26

ln 4∫
ln 2

dx√
ex − 2

27

π/4∫
0

dx

cosx
√
sin 2x

28

+∞∫
0

e−x sin 2x dx

29

+∞∫
2

(x− 2) dx

(x+ 1)(x+ 2)(x+ 4)
30

√
2/2∫

2/3

dx

x2
√
9x2 − 4

Çàäà÷à 2.2. Èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ â äâîéíîì èí-



31

òåãðàëå
∫ b

a

dx

∫ ψ(x)

φ(x)

f(x, y) dy .

N a b φ(x) ψ(x)

1 0 2 1− x2

4

√
4− x2

2 0 1 −
√
2− x2 2− x

3 0 2 −
√
2x− x2 2− x

4 0
√
2 x2/2

√
3− x2

5 0 2
√
2x− x2

√
2x

6 0 1
√
x 3− 2x

7 0 1 −
√
1− x2 1− x

8 0 3/2 2x2 6− x

9 1 2 −x
√
1 + x2

10 −1 1/2 x 1− x2

11 0 1 −x
√
4− x2

12 −1 1 −
√
1− x2 1− x2

13 2 4
√
4x− x2

√
8x
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14 − 6 2
x2

4
− 1 2− x

15 1/4 1
√
x

√
4x

16 0 1
1− x2

2

√
1− x2

17 0 1
√
2x− x2 2− x

18 0 1 −
√
4− x2 2x

19 1/2 3/2 0
√
2x− x2

20 −
√
2

√
2

x2

2

√
3− x2

21 −1 2 x2 − 2x− 3 2− x

22 1 4 0
√
x

23 0 3/4 x2 x

24 0 1 x x2 + 1

25 −3 1 x− 2 3− 2x− x2

26 1 2
√
4x− 3− x2

√
4x− x2

27 −2 0 −
√
−2x− x2

√
4− x2

28 0 1 x2 − 4
√
4− x2
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29 0 4 3x2 12x

30 1 2 0
√
4x− x2

Çàäà÷à 2.3. Âû÷èñëèòü äâîéíîé èíòåãðàë.

1

∫∫
D

dxdy√
x2 + y2

D : y2 6 x 6 y

2

∫∫
D

exp
(
x2 + y2

)
dxdy D :

 x2 + y2 6 4
y > 0
x 6 0

3

∫∫
D

√
R2 − x2 − y2 dxdy D :

{
x2 + y2 6 R2

x 6 y 6
√
3x

4

∫∫
D

x

x2 + y2
dxdy D :

{
4x 6 x2 + y2 6 8x

0 6 y 6 x√
3

5

∫∫
D

x
√
x2 + y2 dxdy D :

{
x2 + y2 6 −8x
x 6 y 6 −x

6

∫∫
D

x

x2 + y2
dxdy D :

{
x2 + y2 6 6y

0 6 y 6 −x
√
3
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7

∫∫
D

e
√
x2+y2 dxdy D :

{
x2 + y2 6 1
y 6 x 6 −y

8

∫∫
D

x
√
x2 + y2 dxdy D :

{
2x 6 x2 + y2 6 4x

0 6 y 6 x√
3

9

∫∫
D

(
x2 + y2

)
dxdy D :

{
−4y 6 x2 + y2 6 −8y
y 6 x 6 −y

10

∫∫
D

sin
√
x2 + y2 dxdy D : π2 6 x2 + y2 6 4π2

11

∫∫
D

cos
√
x2 + y2 dxdy D :


π2

4
6 x2 + y2 6 π2

√
3x 6 y 6 0

12

∫∫
D

ye
√
x2+y2

x2 + y2
dxdy D :

{
x2 + y2 6 −2x
y 6 0

13

∫∫
D

√
1− x2 − y2 dxdy D :

{ (
x2 + y2

)2 6 x2 − y2

0 6 y 6 x

14

∫∫
D

y
√
x2 + y2 dxdy D :

{
x2 + y2 6 4x

y > x
√
3

15

∫∫
D

y dxdy

(x2 + y2) e
√
x2+y2

D :

{
x2 + y2 6 −4x
y > 0
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16

∫∫
D

x

x2 + y2
dxdy D : 2x 6 x2 + y2 6 4x

17

∫∫
D

√
1− x2 − y2 dxdy D :

{
x2 + y2 6 1

x 6 y 6 x
√
3

18

∫∫
D

x dxdy√
x2 + y2

D :

{
x2 + y2 6 2y
x 6 y

19

∫∫
D

dxdy D :


(
x2 + y2

)2 > x2 − y2

x2 + y2 > 2x
−x 6 y 6 x

20

∫∫
D

y

x2 + y2
dxdy D :

{
x2 + y2 6 −4y
0 6 x 6 −y

21

∫∫
D

dxdy√
x2 + y2

D : x 6 y 6 −x2

22

∫∫
D

x dxdy√
x2 + y2

D :


(
x2 + y2

)2 > x2 − y2

x2 + y2 6 2x
x 6 y 6 −x

23

∫∫
D

√
36− 4x2 − 9y2 dxdy D :

 4x2 + 9y2 6 36
x > 0
y > 0

24

∫∫
D

dxdy√
x2 + y2

D :

{
9 6 x2 + y2 6 6y
0 6 x 6 y
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25

∫∫
D

√
4− x2

4
− y2

9
dxdy D :



x2

4
+
y2

9
> 1

x2

16
+
y2

36
6 1

x > 0

y > 0

26

∫∫
D

√
x2 + y2 dxdy D :

{
1 6 x2 + y2 6 −2x
0 6 y 6 −x

27

∫∫
D

y dxdy D :

{
4 6 x2 + y2 6 4x
−x 6 y 6 x

28

∫∫
D

xe
√
x2+y2

x2 + y2
dxdy D :

{
x2 + y2 6 −2y
x 6 0

29

∫∫
D

√
1− x2

a2
− y2

b2
dxdy D :

x2

a2
+
y2

b2
6 1

30

∫∫
D

y dxdy D :

{
4 6 x2 + y2 6 4x
−x 6 y 6 x

31

∫∫
D

x dxdy D :

{
4 6 x2 + y2 6 −4y
0 6 x 6 −y
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32

∫∫
D

y dxdy√
x2 + y2

D :

{ (
x2 + y2

)2 > y2 − x2

x2 + y2 6 −2y

Çàäà÷à 2.4. Ñ ïîìîùüþ òðîéíîãî èíòåãðàëà âû÷èñëèòü îáúåì
òåëà V, ïåðåõîäÿ ê öèëèíäðè÷åñêèì èëè ñôåðè÷åñêèì êîîðäèíà-
òàì

1

{
x2 + y2 − z2 6 0
2z 6 x2 + y2 + 1

2

{
x2 + y2 − z2 6 0
x2 + y2 + z2 6 2

3

{
x2 + y2 6 1, z > 0
z 6 4− x2 − y2

4

{
x2 + y2 + z2 6 1
x2 + y2 6 y

5

{
1 6 z 6 2
x2 + y2 6 2z

6

{
x2 + y2 6 3z2

x2 + y2 + z2 6 4

7

{
x2 + y2 + z2 6 4
x2 + y2 6 3z

8

{
z > −2
x2 + y2 + z 6 2

9

{
x2 + y2 6 z2

x2 + y2 > 2− z
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10

{
x2 + y2 6 6z
9− x2 − y2 > 3z

11

{
2z > x2 + y2

z2 6 x2 + y2

12

{
x2 + y2 6 1, z > 0
x2 + y2 + z2 6 9

13

{
x2 + y2 6 1, x > 0
x2 + y2 + z2 6 4

14

{
x2 + y2 + z2 6 2
x2 + y2 > z

15

{
x2 + y2 > z > 0
x2 + y2 6 3

16

{
x+ y + z 6 2
z > 0, x2 + y2 6 1

17

{
z > x2 + y2

2z 6 3− x2 − y2

18

{
x2 + y2 6 z2

x2 + y2 + z2 6 1

19

{
x 6 z 6 2x, x > 0
x2 + y2 6 4

20

{
x2 + y2 6 3z
x2 + y2 + z2 6 4

21

{
z > 0
z 6 4− x2 − y2
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22

{
0 6 z 6 5− x− y
x2 + y2 6 9

23

{
x2 + y2 + z2 6 2z
x2 + y2 6 z2

24

{
1 6 z 6 2
z 6 4− x2 − y2

25

{
z > 0, x2 + y2 6 1
z2 6 x2 + y2 + 1

26

{
x2 + y2 > 1, z > 0
x2 + y2 + z2 6 4

27

{
x2 + y2 + z2 6 2
z 6 x2 + y2

28

{
0 6 z 6 x2 + y2

x+ y 6 2, x > 0, y > 0

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Êðèâîëèíåéíûå è ïî-

âåðõíîñòíûå èíòåãðàëû“ è
”
Òåîðèÿ ïîëÿ“

Çàäà÷è ýòîé ÷àñòè ñîñòàâëÿþò ñîäåðæàíèå òèïîâîãî ðàñ÷åòà.
Òèïîâîé ðàñ÷åò âûïîëíÿåòñÿ êàæäûì ñòóäåíòîì â îòäåëüíîé òåò-
ðàäè â ñîîòâåòñòâèè ñ íàçíà÷åííûì åìó íîìåðîì âàðèàíòà.

Îñíîâíûå îïðåäåëåíèÿ è òåîðåìû, à òàêæå ðàçáîð ðåøåíèÿ çà-
äà÷ ïî óêàçàííûì òåìàì ïðèâåäåíû â Ïðèëîæåíèè.

Çàäà÷à 3.1. Âû÷èñëèòü äâóìÿ ñïîñîáàìè: íåïîñðåäñòâåííî è
ïî ôîðìóëå Ãðèíà êðèâîëèíåéíûé èíòåãðàë ïî çàìêíóòîìó êîí-
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òóðó L, ïðîáåãàåìîìó ïðîòèâ ÷àñîâîé ñòðåëêè∫
L P (x, y) dx+Q(x, y) dy.

N L P (x, y) Q(x, y)

1 △ABC, A(1, 1)B(2, 2)C(1, 3) 2
(
x2 + y2

)
(x+ y)2

2
x2

4
+
y2

9
= 1 xy + x+ y xy + x− y

3 x2 + y2 = 2x xy + 1 xy − x+ y

4 x2 + y2 = 4 −x2y xy2

5 4x2 + 9y2 = 36 x+ y −x+ y

6 y = sin x, y = 0, 0 6 x 6 π exy ex

7
x2

4
+ y2 = 1 x3y x2 + 1

8 y = x2, y = 1 x2y x+ y

9 y = 3x2, y = 2x (x+ y)2 −(x− y)2

10 △ABC, A(0, 0), B(2, 4), C(0, 4) 3x2y x3 + 2x

11 y = 2x2, y = 2 x2 − 2xy y2 − 2xy

12 x2 + y2 = 4 y2 + x x2 + y

13 y =
x2

4
, y =

x

2
2xy −x2
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14 x = 2y2, 2y = x 2xy x2 + y2

15 x2 + y2 = 9 x+ y2 x− y2

16
x2

4
+
y2

25
= 1 y + x2 −x

17 2y = x2 + 2, y = 3x− 3 x+ y x− y

18 △ABC, A(0, 0), B(1, 1), C(0, 2) xy x2 + y2

19 |x|+ |y| = 1 (x+ y)2 −(x− y)2

20 x2 + y2 = 25 x+ y2 x3

21
x2

9
+
y2

16
= 1 x− y x2 − y2

22 y = x2, y = 3x− 2 x2 − 2xy 2xy + y2

23 △ABC, A(1, 1), B(2, 2), C(1, 3) (x+ y)2 x2 + y2

24 y =
√
x, 3y = x+ 2 x2 − y x2 + y

25 △ABC, A(1, 2), B(2, 4), C(1, 4)
y2 + 1

y

2y2 − x

y2

26 y = 2
√
x, y = 2x 2xy2 3x2y

27 x2 + y2 = 4 x+ 2y y − 2x

28 △ABC, A(1, 1), B(3, 2), C(2, 5) (x+ y)2 −x2 − y2
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Çàäà÷à 3.2. Âû÷èñëèòü ïëîùàäü ÷àñòè ïîâåðõíîñòè σ, çàêëþ-
÷åííóþ âíóòðè öèëèíäðè÷åñêîé ïîâåðõíîñòè Ö.

σ Ö

1 z = xy x2 + y2 = 1

2 z =
√
4− x2 − y2 x2 + y2 = 1

3 z = 4− x− y x2 + y2 = 2x

4 z2 = x2 + y2 x2 + y2 = 2x

5 x2 + z2 = 1, z > 0 x2 + y2 = 1

6 x2 + y2 + z2 = 4 x2 + y2 = 2y

7 x2 + y2 + z2 = 9
(
x2 + y2

)2
= 9

(
x2 − y2

)
8 z2 = x2 + y2

(
x2 + y2

)2
= 4

(
x2 − y2

)
9 2z = xy x2 + y2 = 4

10 2z = x2 + y2 x2 + y2 = 2

11 z2 = 2xy 0 6 x 6 1, 0 6 y 6 1

12 2z = 4− x2 − y2 x2 + y2 = 2

13 z =
√
x2 + y2 x2 + y2 = 2x

14 z =
√
x2 − y2

(
x2 + y2

)2
= x2 − y2
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15 2z = x2 − y2 x2 + y2 = 1

16 2z = x2 + y2
(
x2 + y2

)2
= 2xy

17 1− z =
(
x2 + y2

)3/2
z > 0

18 z = x2 + y2 4
(
x2 + y2

)2
= x2 − y2

19 x2 + y2 = z2
(
x2 + y2

)2
= 2xy

20 x2 + y2 + z2 = 1
(
x2 + y2

)2
= 2xy

21 x2 + z2 = 1 x+ y = 0, x− y = 0

22 2z2 = x2 + y2 x2 + y2 = 2y

23 4z = x2 + y2
(
x2 + y2

)2
= 8xy

24 x2 + y2 + z2 = 4 x2 + y2 = 2x

25 x2 + y2 + z2 = 25, z > 0 x2 + y2 = 9

26 z2 = x2 − y2 x2 + y2 = 2x

27 4z = x2 + y2, z 6 1 y2 = 3x2

28 z = 4 + 2x− y
(
x2 + y2

)2
= 4xy

Çàäà÷à 3.3. Íàéòè ïîòîê âåêòîðíîãî ïîëÿ ÷åðåç çàìêíóòóþ
ïîâåðõíîñòü äâóìÿ ñïîñîáàìè: 1) íåïîñðåäñòâåííî, âû÷èñëÿÿ ïî-
òîêè ÷åðåç âñå ãëàäêèå êóñêè ïîâåðõíîñòè;
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2) ïî òåîðåìå Îñòðîãðàäñêîãî-Ãàóññà.

N A σ

1 x2i+ yj− zk 2z = 4− x2 − y2, x > 0, y > 0, z > 0

2 i+ j− z2k z2 = x2 + y2, 0 6 z 6 2

3 xzi+ yzj+ k x2 + y2 = 1, y > 0, 0 6 z 6 2

4 (1− z) (xi+ yj) + k (1− z)2 = x2 + y2, 0 6 z 6 1

5 xzi+ yzj+ xk 2z = 9− x2 − y2, z > 0

6 xi+ yj− z2k x2 + y2 + z2 = 1, x > 0, y > 0, z > 0

7 i− y2j+ k x2 + y2 = 4, x > 0, y > 0, 1 6 z 6 3

8 x2i− zj+ yk x2 + y2 + z2 = 4, x > 0, y > 1, z > 0

9 xy(i+ j) + k y = 4− x2 − z2, y > 0, z > 0

10 i+ j− z2k 2− z = x2 + y2, z = −2

11 xi+ yj+ zk y2 = x2 + z2, 0 6 y 6 1, z 6 0

12 xzi+ yzj+ z2k x2 + y2 + z2 = 4, 0 6 z 6 1

13 xi+ yj+ z2k z2 = x2 + y2, −1 6 z 6 0, x > 0



45

14 xi+ j+ xzk x2 + y2 = 9, y > 0, 0 6 z 6 2

15 x2j+ zk 2z = 2− x2 − y2, z > 0

16 i− j+ x(2− z)k (2− z)2 = x2 + y2, y > 0, z > 0

17 yi− xj+ z2k x2 + y2 + z2 = 4, x > 0, y > 0, z > 0

18 x2i+ yj+ zk z = x2 + y2, x > 0, z 6 4

19 yzi+ x2j− z2k x2 − 2y + y2 = 0, 0 6 z 6 4

20 2xyi− y2j+ z2k x+ y + z = 1, x > 0, y > 0, z > 0

21 x2i+ yj+ xk 2z = 8− x2 − y2, z > 2, y > 0

22 2xyzi+ 3xyj− z2yk x+ y = 2, x > 0, y > 0, 0 6 z 6 4

23 2xi+ y2j− xzk x2 − 2z + z2 = 0, 0 6 y 6 2

24 xi− y2j+ z2k 2y − 3 = x2 + z2, y 6 2, z > 0

25 xyi+ x2j+ 2yzk x2 + y2 = z2, x > 0, y > 0, 0 6 z 6 1

26 yi+ 2xj+ zk z = 1− x2 − y2, x > 0, y > 0, z > 0

27 xi− yj+ z2k x2 + y2 + z2 = 4, 0 6 x 6 y, z > 0

28 xi+ yj+ zk 2z = 4− x2 − y2, x > 0, y > 0, z > 0
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Çàäà÷à 3.4. Íàéòè öèðêóëÿöèþ âåêòîðíîãî ïîëÿ A ïî êîíòó-
ðó Γ äâóìÿ ñïîñîáàìè: 1) íåïîñðåäñòâåííî, âû÷èñëÿÿ ëèíåéíûé
èíòåãðàë âåêòîðíîãî ïîëÿ ïî êîíòóðó Γ, 2) ïî òåîðåìå Ñòîêñà.

N A Γ

1 yi− xj+ x2k
x2 + z2 = 4− y, x = 0, y = 0, z = 0

(1 îêòàíò)

2 2yi+ x2j− 3xk x2 + y2 = 1, x+ y + z = 3

3 xyi+ z2j
y2 = 1− x− z, x = 0, y = 0, z = 0

(1 îêòàíò)

4 xi− xzj+ yk x+ y + z = 1, x = 0, y = 0, z = 0

5 xyi+ xj− yzk x2 + y2 = 4, y = z

6 xy(i+ j) + zk
x2 + z2 = 1− y, x = 0, y = 0, z = 0

(1 îêòàíò)

7 i+ xzj+ y2k x2 + y2 = 1, x = z + 1

8 yi− z2j+ xk x+ 2y + 2z = 4, x = 0, y = 0, z = 0

9 z2i− xj− yk x2 + z2 = 4, y = z + 1

10 y2i− x2j+ zk 3x+ y + 2z = 6, x = 0, y = 0, z = 0

11 y2i− j+ k
z2 = 1− x− y, x = 0, y = 0, z = 0

(1 îêòàíò)

12 zi− xj+ y2k x2 + y2 = 9, x+ y + z = 5

13 z2i− x2j+ zk 2x+ y + z = 2, x = 0, y = 0, z = 0

14 yi− zj+ x2k
y2 = 1− x− z, x = 0, y = 0, z = 0

(1 îêòàíò)
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15 zi− y2j+ x2k x2 + y2 = 1, x+ y + z = 3

16 yi− x2j+ xk x2 + z2 = 4, z = y + 2

17 xy(i+ j+ k) x+ 2y + z = 4, x = 0, y = 0, z = 0

18 zi− yj− xk
x2 + z2 = 1− y, x = 0, y = 0, z = 0

(1 îêòàíò)

19 yzi− xj+ yk x2 + y2 = 9, z = x+ 1

20 xzi+ zj+ yk y2 + z2 = 1, x+ y + z = 3

21 zi− yj− xk
x2 + y2 + z2 = 4, x = 0, y = 0, z = 0

(1 îêòàíò)

22 zi+ zxj+ yk z = x2 + y2, z = 4

23 2yi+ z2j− xk x2 + y2 = 4, y = z

24 xi− xzj+ yk 2x+ y + 2z = 2, x = 0, y = 0, z = 0

25 −2xzi+ 2xj+ y2k
x2 + y2 = 1− z, x = 0, y = 0, z = 0

(1 îêòàíò)

26 zi− 2yj− xk
x2 + y2 + z2 = 4, x = 0, y = 0, z = 0

(1 îêòàíò)

27 xj− k x2 + y2 + z2 = 1, z = y

28 zi+ x2j− xk
x2 + y2 = 1− z, x = 0, y = 0, z = 0

(1 îêòàíò)
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Ñîäåðæàíèå

Ââåäåíèå 3

Òåîðåòè÷åñêèå âîïðîñû ê ýêçàìåíó (çà÷åòó) 5

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Ìåòîäû èíòåãðèðîâà-

íèÿ“ è
”
Îïðåäåëåííûé èíòåãðàë è åãî ïðèëîæåíèÿ“ 9

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Íåñîáñòâåííûå èíòåãðà-

ëû“ è
”
Äâîéíîé è òðîéíîé èíòåãðàëû è èõ

ïðèëîæåíèÿ“ 29

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Êðèâîëèíåéíûå è ïî-

âåðõíîñòíûå èíòåãðàëû“ è
”
Òåîðèÿ ïîëÿ“ 39


