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II ñåìåñòð

ÒÈÏÎÂÎÉ ÐÀÑ×ÅÒ

Çàäà÷à 1.1. Íàéòè ðàöèîíàëüíûå êîðíè è ðàçëîæèòü ìíîãî÷ëåí

P (z) = az3 + bz2 + cz + d

à) íà ëèíåéíûå ìíîæèòåëè;
á) íà ëèíåéíûå è êâàäðàòè÷íûå ìíîæèòåëè ñ äåéñòâèòåëüíûìè
êîýôôèöèåíòàìè.

� a b c d � a b c d

1 9 −4 9 −4 2 10 −73 114 119

3 9 −53 156 18 4 10 −57 112 39

5 4 −11 26 −15 6 9 −23 28 −10

7 6 −23 44 8 8 9 −37 76 −8

9 9 −20 49 −10 10 4 −13 8 15

11 9 −11 139 119 12 10 −23 56 −15

13 9 −43 145 −91 14 9 −41 65 −25

15 6 −37 114 −18 16 9 −4 9 −4

17 6 −19 10 25 18 6 −17 22 −10

19 9 −34 109 26 20 10 −47 158 −91

21 9 −4 9 −4 22 10 −73 114 119

23 9 −53 156 18 24 10 −57 112 39

25 4 −11 26 −15 26 9 −23 28 −10

27 6 −23 44 8 28 9 −37 76 −8

29 9 −20 49 −10 30 4 −13 8 15
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Çàäà÷à 1.2. Ðàçëîæèòü ìíîãî÷ëåí

P (z) = z4 + az3 + bz2 + cz + d

à) íà ëèíåéíûå ìíîæèòåëè;
á) íà ëèíåéíûå è êâàäðàòè÷íûå ìíîæèòåëè ñ äåéñòâèòåëüíûìè
êîýôôèöèåíòàìè, åñëè èçâåñòåí îäèí èç åãî êîðíåé z0.

� a b c d z0

1 −14 71 −106 −102 5 + 3i

2 −20 148 −480 551 5 + 2i

3 −22 199 −942 1886 4− 5i

4 −16 89 −186 78 5 + i

5 −12 60 −216 391 1 + 4i

6 −16 109 −606 1628 1− 6i

7 −24 234 −1080 1769 6 + 5i

8 −20 135 −314 50 7 + i

9 −8 27 −44 −26 2 + 3i

10 −14 83 −378 858 1− 5i

11 −20 165 −758 1598 3− 5i

12 −12 68 −192 175 3− 4i

13 −22 175 −586 666 6 + i

14 −16 103 −266 82 5 + 4i

15 −18 119 −360 442 3− 2i

16 −12 48 −60 −17 4− i

17 −12 58 −108 25 4 + 3i

18 −24 244 −1284 2623 5− 6i

19 −16 108 −472 899 2− 5i

20 −18 143 −922 3050 1− 7i

21 −14 71 −106 −102 5 + 3i

22 −20 148 −480 551 5 + 2i
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Ïðîäîëæåíèå çàäà÷è 1.2

� a b c d z0

23 −22 199 −942 1886 4− 5i

24 −16 89 −186 78 5 + i

25 −12 60 −216 391 1 + 4i

26 −16 109 −606 1628 1− 6i

27 −24 234 −1080 1769 6 + 5i

28 −20 135 −314 50 7 + i

29 −8 27 −44 −26 2 + 3i

30 −14 83 −378 858 1− 5i

Çàäà÷à 1.3. Ðåøèòü óðàâíåíèå. Êîðíè óðàâíåíèÿ èçîáðàçèòü íà
êîìïëåêñíîé ïëîñêîñòè.

�

1 z6 − 2z3 + 4 = 0

2 z8 −
(
2
√
3 + 2i

)
z4 + 2 + 2i

√
3 = 0

3 z6 −
(
3
√
2 + 3i

√
2
)
z3 + 9i = 0

4 z8 − 3
√
3 z4 + 9 = 0

5 z6 + 2z3 + 4 = 0

6 z8 +
(
2
√
3− 2i

)
z4 + 2− 2i

√
3 = 0

7 z6 +
(
3
√
2− 3i

√
2
)
z3 − 9i = 0

8 z8 + 3
√
3 z4 + 9 = 0

9 z6 − 4z3 + 16 = 0

10 z8 −
(
4
√
3 + 4i

)
z4 + 8 + 8i

√
3 = 0
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Ïðîäîëæåíèå çàäà÷è 1.3

�

11 z6 −
(
5
√
2 + 5i

√
2
)
z3 + 25i = 0

12 z8 − 5
√
3 z4 + 25 = 0

13 z6 + 4z3 + 16 = 0

14 z8 +
(
4
√
3− 4i

)
z4 + 8− 8i

√
3 = 0

15 z6 +
(
5
√
2− 5i

√
2
)
z3 − 25i = 0

16 z8 + 5
√
3 z4 + 25 = 0

17 z6 − 6z3 + 36 = 0

18 z8 −
(
6
√
3 + 6i

)
z4 + 18 + 18i

√
3 = 0

19 z6 −
(
7
√
2 + 7i

√
2
)
z3 + 49i = 0

20 z8 − 7
√
3 z4 + 49 = 0

21 z6 − 2z3 + 4 = 0

22 z8 −
(
2
√
3 + 2i

)
z4 + 2 + 2i

√
3 = 0

23 z6 −
(
3
√
2 + 3i

√
2
)
z3 + 9i = 0

24 z8 − 3
√
3 z4 + 9 = 0

25 z6 + 2z3 + 4 = 0

26 z8 +
(
2
√
3− 2i

)
z4 + 2− 2i

√
3 = 0

27 z6 +
(
3
√
2− 3i

√
2
)
z3 − 9i = 0

28 z8 + 3
√
3 z4 + 9 = 0

29 z6 − 4z3 + 16 = 0

30 z8 −
(
4
√
3 + 4i

)
z4 + 8 + 8i

√
3 = 0
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Çàäà÷à 1.4. Ïðåäñòàâèòü êîìïëåêñíîå ÷èñëî z â àëãåáðàè÷åñêîé,
òðèãîíîìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

� z � z

1

((
−1 + i15

)
2eiπ/7

−
√
3 + i

)14

2

((
1− i

√
3
)
e−iπ/7

1 + i19

)21

3

((
2− 2i17

)
5e−iπ/5

√
150 + i

√
50

)20

4

((√
6 + i

√
2
)
eiπ/5

−2 + 2i21

)20

5

((
1− i23

)
e2iπ/5

√
3 + i

)10

6

((√
18 + i

√
6
)
e−2iπ/5

−2 + 2i25

)10

7

((
2 + 2i27

)
e3iπ/5

√
6 + i

√
2

)15

8

((√
15 + i

√
5
)
e−3iπ/5

−
√
5 + i29

√
5

)15

9

((
2 + 2i31

)
e4iπ/5

√
2− i

√
6

)40

10

((√
21− i

√
7
)
e−4iπ/5

−
√
7 + i29

√
7

)20

11

((
−1 + i31

)
2eiπ/7

−
√
6 + i

√
2

)14

12

((
1− i

√
3
)
e−iπ/7

√
2 + i35

√
2

)21

13

((√
2− i33

√
2
)
5e−iπ/5

√
150 + i

√
50

)20

14

((√
6 + i

√
2
)
eiπ/5

−
√
8 + i37

√
8

)20

15

((
2− 2i39

)
e2iπ/5

√
6 + i

√
2

)10

16

((√
18 + i

√
6
)
e−2iπ/5

−
√
12 + i41

√
12

)10

17

((√
2 + i43

√
2
)
e3iπ/5

√
6 + i

√
2

)15

18

((√
15 + i

√
5
)
e−3iπ/5

−
√
10 + i45

√
10

)15

19

((
5
√
64 + i47 5

√
64
)
e4iπ/5

√
2− i

√
6

)40

20

((√
15− i

√
5
)
e−4iπ/5

−103/5 + i45103/5

)20
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Ïðîäîëæåíèå çàäà÷è 1.4
� z � z

21

((
−1 + i15

)
2eiπ/7

−
√
3 + i

)14

22

((
1− i

√
3
)
e−iπ/7

1 + i19

)21

23

((
2− 2i17

)
5e−iπ/5

√
150 + i

√
50

)20

24

((√
6 + i

√
2
)
eiπ/5

−2 + 2i21

)20

25

((
1− i23

)
e2iπ/5

√
3 + i

)10

26

((√
18 + i

√
6
)
e−2iπ/5

−2 + 2i25

)10

27

((
2 + 2i27

)
e3iπ/5

√
6 + i

√
2

)15

28

((√
15 + i

√
5
)
e−3iπ/5

−
√
5 + i29

√
5

)15

29

((
2 + 2i31

)
e4iπ/5

√
2− i

√
6

)40

30

((√
21− i

√
7
)
e−4iπ/5

−
√
7 + i29

√
7

)20

Çàäà÷à 2.1. Âåêòîðû a, b, c, d çàäàíû ñâîèìè êîîðäèíàòàìè â
êàíîíè÷åñêîì áàçèñå i, j, k ïðîñòðàíñòâà V3.
1) Ïîêàçàòü, ÷òî âåêòîðû a, b, c îáðàçóþò áàçèñ
ïðîñòðàíñòâà V3.
2) Íàéòè êîîðäèíàòû âåêòîðà d â áàçèñå a, b, c (ñ ïîìîùüþ ìàò-
ðèöû ïåðåõîäà). Ñäåëàòü ïðîâåðêó.

� �
a = (−1, 5,−3) a = (4,−1,−3)

1 b = (3, 1, 2) 2 b = (−6, 1, 4)
c = (3, 4, 1) c = (−1, 5, 1)
d = (4, 15,−3) d = (−20, 14, 15)
a = (−6,−4, 1) a = (−3, 4, 3)

3 b = (−2,−1, 2) 4 b = (−1, 2, 3)
c = (3, 3, 3) c = (1, 0,−1))
d = (5, 5, 6) d = (1, 0,−9)
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Ïðîäîëæåíèå çàäà÷è 2.1
a = (2,−5, 1) a = (1,−4,−3)

5 b = (2, 3,−3) 6 b = (1,−1, 2)
c = (−1, 4,−1) c = (4,−6,−1)
d = (6,−26, 8) d = (11,−24,−11)
a = (−3, 2, 3) a = (4, 6, 7)

7 b = (5,−4, 2) 8 b = (3, 1, 2)
c = (1,−2, 4) c = (3,−2, 2)
d = (23,−20,−1) d = (9,−26,−7)
a = (3,−2, 1) a = (5, 3, 1)

9 b = (1, 2, 4) 10 b = (−1, 2, 3)
c = (2,−4,−4) c = (2, 2, 2)
d = (−2,−12,−24) d = (−3, 11, 17)
a = (2, 1, 1) a = (1, 3, 2)

11 b = (2, 2,−1) 12 b = (1,−2, 0)
c = (1,−1, 3) c = (−4, 3, 1)
d = (3,−2, 7) d = (−19, 8, 0)

a = (4, 3, 2) a = (0, 3, 1)

13 b = (3,−5, 1) 14 b = (1,−1, 2)

c = (2, 1, 1) c = (2,−1, 0)

d = (19,−8, 8) d = (8,−8, 3)

a = (1, 4, 2) a = (2,−1, 4)

15 b = (−5, 3, 1) 16 b = (1,−1, 2)

c = (1, 2, 1) c = (3, 2, 0)

d = (7, 20, 10) d = (2, 4,−2)

a = (−1, 1, 2) a = (1,−2, 0)

17 b = (3, 1,−1) 18 b = (−1, 1, 3)
c = (1, 2, 2) c = (1, 0, 4)
d = (18, 11, 1) d = (2, 2, 12)
a = (5, 1,−2) a = (2,−3, 1)

19 b = (−2, 3, 1) 20 b = (1, 1, 0)
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Ïðîäîëæåíèå çàäà÷è 2.1
c = (3, 2,−1) c = (4, 1, 2)
d = (5, 14,−1) d = (4, 6, 1)
a = (2,−1, 1) a = (2,−2, 4)

21 b = (2, 1,−2) 22 b = (0,−1, 1)
c = (4, 3,−2) c = (3, 1,−2)
d = (10, 11,−12) d = (−3, 0,−7)
a = (0,−2, 3) a = (3, 1,−2)

23 b = (1,−1, 1) 24 b = (0, 1, 3)
c = (4, 0, 3) c = (2, 2,−1)
d = (32, 6, 15) d = (5, 8, 1)
a = (1,−1,−2) a = (3, 0, 1)

25 b = (2,−1, 4) 26 b = (−2, 1,−1)
c = (1, 0, 2) c = (4, 2, 2)
d = (11,−2, 22) d = (−2, 7, 1)
a = (−2, 1,−1) a = (4, 2,−1)

27 b = (3, 2, 1) 28 b = (2,−3,−1)
c = (−2, 0, 1) c = (1, 2, 1)
d = (14, 6, 7) d = (−6, 15, 8)
a = (3, 2,−1) a = (1, 3, 2)

29 b = (2, 0, 1) 30 b = (1,−3, 1)
c = (−3, 1,−1) c = (0,−2, 2)
d = (−3, 10,−7) d = (−1, 5, 4)

Çàäà÷à 2.2. Äîêàçàòü, ÷òî âåêòîðû âèäà (x1, x2, x3, x4) îáðà-
çóþò ëèíåéíîå ïîäïðîñòðàíñòâî â ïðîñòðàíñòâå R4. Íàéòè áàçèñ
è ðàçìåðíîñòü ýòîãî ïîäïðîñòðàíñòâà. Äîïîëíèòü áàçèñ ïîäïðî-
ñòðàíñòâà äî áàçèñà âñåãî ïðîñòðàíñòâà. Íàéòè ìàòðèöó ïåðåõîäà
îò êàíîíè÷åñêîãî áàçèñà ïðîñòðàíñòâà R4 ê ïîñòðîåííîìó áàçèñó.

� âàð. (x1, x2, x3, x4)

1 (2a, 3b− a, a, −b)

2 (5b, c− a, 2a+ b, c)
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Ïðîäîëæåíèå çàäà÷è 2.2

3 (a+ 4b, 0, a− b, a)

4 (a− b+ 3c, −2b, c, a+ 2b)

5 (−2a, 3a+ b, −b, a)

6 (a− 2c, b− a, 3b, c)

7 (2a+ b, a, 3b+ a, −2a)

8 (b− 2c, −a+ b+ c, a, −b)

9 (b, −3a, a− b, 0)

10 (2b+ 2c, −a, b, 2a− c)

11 (a− 2b, b, 0, 2a− b)

12 (a, b− a− 3c, 2a+ c, 2b)

13 (b, −a, 3a+ b, 2a+ 3b)

14 (2a, 2a+ b+ c, 2b, a− 3c)

15 (2b+ a, b− 2a, a, 3b)

16 (a+ 5c, b− 2a, a+ c, −b)

17 (−2a, a, 4b+ 3a, −b)

18 (a+ b+ c, 3c, a− 2b, a)

19 (0, 3b− 2a, a, −4b)

20 (b, −a− c, 2a+ b, 3c+ a)

21 (2a+ b, 0, −a− 5b, b)

22 (a+ 5b− c, 2c, 2a+ b, a)

23 (2a, −a, 4a, 3b− a)

24 (a+ b+ c, 3a, 2a+ b, −2c)

25 (0, 4b− a, 2a, a− b)

26 (a− 2b, 5b− c, c, 2a+ b)

27 (3a− 2b, 0, a, 3b)

28 (5b− c, −a, 2a+ b+ c, 3c)

29 (2a− 3b, a+ 2b, 0, −b)
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Ïðîäîëæåíèå çàäà÷è 2.2

30 (a+ b, −3a+ c, 2a− b, 3c)

Çàäà÷à 2.3. Ïóñòü M - ìíîæåñòâî ìíîãî÷ëåíîâ p ∈ Pn ñ âåùå-
ñòâåííûìè êîýôôèöèåíòàìè, óäîâëåòâîðÿþùèõ óêàçàííûì óñëî-
âèÿì. Äîêàçàòü, ÷òî M - ëèíåéíîå ïîäïðîñòðàíñòâî â Pn, íàéòè
åãî áàçèñ è ðàçìåðíîñòü. Äîïîëíèòü áàçèñ M äî áàçèñà âñåãî ïðî-
ñòðàíñòâà Pn. Íàéòè ìàòðèöó ïåðåõîäà îò êàíîíè÷åñêîãî áàçèñà
ïðîñòðàíñòâà Pn ê ïîñòðîåííîìó áàçèñó.

� âàð. n Óñëîâèÿ íà p(t) ∈ M

1 3 p(−1) = p(1)

2 3 p′(−1) = p′(1)

3 3 p(−2) = 0

4 4 p(−2) = p(3) = 0

5 4 p(2− i) = 0

6 3 p′(1) = 0

7 3 p(0) + p′(−1) = 0

8 4 p(i− 1) = 0

9 4 p(t)
... (t− 3)2

10 3 p′′(1) = 0

11 4 p(t)
... (t2 + t+ 1)

12 3 p(1) = p(2) = 0

13 3 2p(0) + p(1) = 0

14 3 p(−1) + p(0) + p(1) = 0

15 3 p(0) + p′(2) = 0

16 3 p(2) = p(−2)

17 4 p(1) = p′′(0) = 0
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18 3 p(2) = 0

19 4 p(2) = p′(0) = 0

20 4 p(1 + i) = 0

21 3 p′(−1) = 0

22 3 p′(0) + p(1) = 0

23 4 p(−2 + i) = 0

24 4 p(−1) = p′(−1) = 0

25 3 p′′(1) + p′(0) = 0

26 4 p(t)
... (t2 + t+ 2)

27 3 p(−1) + p′′(0) = 0

28 3 p(−1) = 2p(0)

29 3 p(−1) + p′(0) + p(1) = 0

30 4 p′′(0) = p(−1) = 0

Çàäà÷à 2.4. Äîêàçàòü, ÷òî ìíîæåñòâî ìàòðèö M ÿâëÿåòñÿ ïîä-
ïðîñòðàíñòâîì â ïðîñòðàíñòâå âñåõ ìàòðèö äàííîãî ðàçìåðà. Ïî-
ñòðîèòü áàçèñ è íàéòè ðàçìåðíîñòü ïîäïðîñòðàíñòâà M . Ïðîâå-
ðèòü, ÷òî ìàòðèöà B ïðèíàäëåæèò M è ðàçëîæèòü åå ïî íàéäåí-
íîìó áàçèñó.

� M − ìíîæåñòâî ìàòðèö
óêàçàííîãî âèäà B

1

(
2b+ 2c −a

b 2a− c

) (
0 2

1 −3

)

2

(
a− 2b b

0 2a− b

) (
−1 2

0 4

)

3

(
a b− a− 3c

2a+ c 2b

) (
3 2

4 −2

)
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4

(
b −a

3a+ b 2a+ 3b

) (
3 1

0 7

)

5

(
2a 2a+ b+ c

2b a− 3c

) (
2 −1

−4 4

)

6

(
2b+ a b− 2a

a 3b

) (
−4 3

−2 −3

)

7

(
a+ 5c b− 2a

a+ c −b

) (
9 −1

1 3

)

8

(
−2a a

4b+ 3a −b

) (
−6 3

5 1

)

9

(
a+ b+ c 3c

a− 2b a

) (
0 −9

0 2

)

10

(
0 3b− 2a

a −4b

) (
0 13

−2 −12

)

11

(
b −a− c

2a+ b 3c+ a

) (
1 3

−3 −5

)

12

(
2a+ b 0

−a− 5b b

) (
8 0

−13 2

)

13

(
a+ 5b− c 2c

2a+ b a

) (
0 −4

5 3

)

14

(
2a −b

4a 3b− a

) (
−2 −3

−4 10

)

15

(
a+ b+ c 3a

2a+ b −2c

) (
−2 3

0 2

)

16

(
0 4b− a

2a a− b

) (
0 −2

−4 −1

)
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17

(
a− 2b 5b− c

c 2a+ b

) (
5 −17

2 −5

)

18

(
3a− 2b 0

a 3b

) (
11 0

3 −3

)

19

(
5b− c −a

2a+ b+ c 3c

) (
8 −2

2 −9

)

20

(
2a− 3b a+ 2b

0 −b

) (
−13 4

0 −3

)

21

(
a+ b −3a+ c

2a− b 3c

) (
−1 5

−5 −3

)

22

(
2a 3b− a

a −b

) (
6 3

3 −2

)

23

(
5b c− a

2a+ b c

) (
−5 −5

5 −2

)

24

(
a+ 4b 0

a− b a

) (
11 0

−4 −1

)

25

(
a− b+ 3c −2b

c a+ 2b

) (
0 4

−1 −3

)

26

(
−2a 3a+ b

−b a

) (
4 −7

1 −2

)

27

(
a− 2c b− a

3b c

) (
−5 −2

−9 2

)

28

(
2a+ b a

3b+ a −2a

) (
5 3

0 −6

)

29

(
b− 2c −a+ b+ c

a −b

) (
7 −4

2 −1

)
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30

(
b −3a

4a− b 0

) (
3 6

−11 0

)

Çàäà÷à 2.5. Èññëåäîâàòü íà ëèíåéíóþ íåçàâèñèìîñòü ñèñòåìó
ôóíêöèé.

� âàð. Ñèñòåìà ôóíêöèé

1, 16 2, cos 4t, sin2 2t, t ∈ (−∞, +∞)

2, 17 e3t, te3t, t2e3t, t ∈ (−∞, +∞)

3, 18 1, ln(4/t2), ln 2t, t ∈ (0, +∞)

4, 19 1, tg 2t, ctg 2t, t ∈ (0,
π

4
)

5, 20 sin 2t, sin3 2t, sin 6t, t ∈ (−∞, +∞)

6, 21 et, e−t, e2t, t ∈ (−∞, +∞)

7, 22 1, lg 10t3, lg(100/t2), t ∈ (0, +∞)

8, 23 sin 2t, cos 2t, tg 2t, t ∈
(
−π

4
,
π

4

)
9, 24

1

t
,

t

t2 + 1
,

1

t(t2 + 1)
, t ∈ (0, +∞)

10, 25 1, e3t, sh 3t, t ∈ (−∞, +∞)

11, 26 cos t, cos3 t, cos 3t, t ∈ (−∞, +∞)

12, 27 cos(t/2), sin(t/2), sin t, t ∈
(
0,

π

2

)
13, 28

1

2t− 1
,

1

t+ 2
,

3

2t2 + 3t− 2
, t ∈

(
−2,

1

2

)
14, 29 et, tet, t2et, t ∈ (−∞, +∞)

15, 30 1, log2 t, ln 5t, t ∈ (0, +∞)

Çàäà÷à 2.6*. Äîêàçàòü, ÷òî ìíîæåñòâî M ôóíêöèé x(t), çàäàí-
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íûõ íà îáëàñòè D, îáðàçóåò ëèíåéíîå ïðîñòðàíñòâî. Íàéòè åãî
áàçèñ è ðàçìåðíîñòü.

� âàð. Ìíîæåñòâî M
(α, β, γ, δ � ëþáûå âåùåñòâåííûå ÷èñëà)

1, 16 M = {αet + βe2t + γe3t}, t ∈ (−∞, +∞)

2, 17 M =

{
α+ β cos t+ γ sin t+ δ cos2

t

2

}
, t ∈ [−π, +π]

3, 18 M = {αe−t + βtet + (β − α)t2et + γt3et},
t ∈ (−∞, +∞)

4, 19 M = {αe−3t + β sh 3t+ γe3t + δ}, t ∈ (−∞, +∞)

5, 20 M = {α + β ch 2t+ γe2t}, t ∈ (−∞, +∞)

6, 21 M =

{
α

t
+ β + γt+ δ

2t2 − 1

t

}
, t ∈ (0, 1)

7, 22 M = {α cos 2t+ β sin 2t+ γ sin 4t}, t ∈
(
−π

4
,
π

4

)
8, 23 M = {αe−t + β ch t+ γ sh t+ δ}, t ∈ (−∞, +∞)

9, 24 M = {α+ β tg 2t+ γ ctg 2t}, t ∈
(
0,

π

4

)
10, 25 M = {α ln t+ β + γt+ δ ln 3t}, t ∈ (0, +∞)

11, 26 M = {α cos 2t+ β sin 2t+ γ tg t+ δ}, t ∈
(
−π

2
,
π

2

)
12, 27 M = {αe−t + (β − α)te−t + γt2e−t + αt3e−t},

t ∈ (−∞, +∞)

13, 28 M = {αe3t + βe−3t + γte3t + δte−3t}, t ∈ (−∞, +∞)

14, 29 M = {α + β tg2 t+ γ sec2 t+ δ ctg2 t}, t ∈
(
0,

π

2

)
15, 30 M = {αe2t + βte2t + γt2e2t + αt3e2t}, t ∈ (−∞, +∞)

Çàäà÷à 2.7*. Îáðàçóåò ëè ëèíåéíîå ïðîñòðàíñòâî çàäàííîå ìíî-
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æåñòâî, â êîòîðîì îïðåäåëåíû ñóììà ëþáûõ äâóõ ýëåìåíòîâ x è
y è ïðîèçâåäåíèå ëþáîãî ýëåìåíòà x íà ëþáîå äåéñòâèòåëüíîå
÷èñëî α?

1, 16. Ìíîæåñòâî âñåõ âåêòîðîâ ïðîñòðàíñòâà V3, êîîðäèíàòû êî-
òîðûõ � öåëûå ÷èñëà; ñóììà: x+ y, ïðîèçâåäåíèå αx.

2, 17. Ìíîæåñòâî âñåõ âåêòîðîâ ïëîñêîñòè, êàæäûé èç êîòîðûõ
ëåæèò íà îäíîé èç îñåé Ox, Oy; ñóììà: x+ y, ïðîèçâåäåíèå αx.

3, 18. Ìíîæåñòâî âñåõ âåêòîðîâ ïðîñòðàíñòâà V3; ñóììà: [x, y],
ïðîèçâåäåíèå αx.

4, 19. Ìíîæåñòâî âñåõ âåêòîðîâ ïðîñòðàíñòâà V3, ëåæàùèõ íà îä-
íîé îñè; ñóììà: x+ y, ïðîèçâåäåíèå α|x|.
5, 20. Ìíîæåñòâî âñåõ ôóíêöèé f(t), g(t), ïðèíèìàþùèõ ïîëîæè-
òåëüíûå çíà÷åíèÿ; ñóììà: (f · g)(t), ïðîèçâåäåíèå: fα(t).

6, 21. Ìíîæåñòâî âñåõ ÷åòíûõ ôóíêöèé f(t), g(t), çàäàííûõ íà
îòðåçêå [−1, 1]; ñóììà: (f · g)(t), ïðîèçâåäåíèå: (αf)(t).
7, 22. Ìíîæåñòâî âñåõ íå÷åòíûõ ôóíêöèé f(t), g(t), çàäàííûõ íà
îòðåçêå [−1, 1]; ñóììà: (f + g)(t), ïðîèçâåäåíèå: (αf)(t).

8, 23. Ìíîæåñòâî âñåõ ëèíåéíûõ ôóíêöèé f(x, y), g(x, y); ñóììà:
(f + g)(x, y), ïðîèçâåäåíèå: (αf)(x, y).

9, 24. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ p(t) òðåòüåé ñòåïåíè; ñóììà:
(p+ q)(t), ïðîèçâåäåíèå: (αp)(t).

10, 25. Ìíîæåñòâî âñåõ ñõîäÿùèõñÿ ïîñëåäîâàòåëüíîñòåé {un},
{vn}; ñóììà: {un + vn}, ïðîèçâåäåíèå: {αun}.

11, 26. Ìíîæåñòâî âñåõ íåâûðîæäåííûõ ìàòðèö A = (aij) ïîðÿäêà
n; ñóììà: A+B, ïðîèçâåäåíèå: αA.

12, 27. Ìíîæåñòâî âñåõ íåâûðîæäåííûõ ìàòðèö A = (aij) ïîðÿäêà
n; ñóììà: A ·B, ïðîèçâåäåíèå: αA.
13, 28. Ìíîæåñòâî Z âñåõ öåëûõ ÷èñåë; ñóììà: x+y, ïðîèçâåäåíèå:
αx.
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14, 29. Ìíîæåñòâî R− âñåõ îòðèöàòåëüíûõ ÷èñåë; ñóììà: −|x| · |y|,
ïðîèçâåäåíèå: −|x|α.
15, 30. Ìíîæåñòâî R âñåõ äåéñòâèòåëüíûõ ÷èñåë; ñóììà: x ·y, ïðî-
èçâåäåíèå: αx.

Çàäà÷à 2.8*. Äîêàçàòü, ÷òî ìíîæåñòâî ìàòðèö M ÿâëÿåòñÿ ïîä-
ïðîñòðàíñòâîì â ïðîñòðàíñòâå âñåõ ìàòðèö äàííîãî ðàçìåðà. Ïî-
ñòðîèòü áàçèñ è íàéòè ðàçìåðíîñòü ïîäïðîñòðàíñòâà M . Ïðîâå-
ðèòü, ÷òî ìàòðèöà B ïðèíàäëåæèò M è ðàçëîæèòü åå ïî íàéäåí-
íîìó áàçèñó.

� M − ìíîæåñòâî ìàòðèö
óêàçàííîãî âèäà B

1 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ 1 0 1

0 0 0

2 0 2

 ·X =

 0 0

0 0

0 0

 B =

 −1 −1

3 1

1 1


2 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ 1 1 1

2 2 2

−3 −3 −3

 ·X =

 0 0

0 0

0 0

 B =

 −1 −2

3 1

−2 1


3 Ìàòðèöû, ïåðåñòàíîâî÷íûå

ñ ìàòðèöåé A =

 0 1 0

0 0 1

0 0 0

 B =

 1 2 −1

0 1 2

0 0 1


4 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =

 0 0 1

0 1 0

1 0 0

 B =

 2 −1 1

3 0 3

1 −1 2


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5 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå

ñ ìàòðèöåé A =

 0 1 0

1 0 0

0 0 1

 B =

 1 2 3

−2 −1 −3

−1 1 0


6 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå

ñ ìàòðèöåé A =

 0 1 0

0 0 1

0 0 0

 B =

 2 −2 3

0 −2 2

0 0 2



7
Ñèììåòðè÷íûå ìàòðèöû

3-ãî ïîðÿäêà
B =

 1 2 0

2 3 −2

0 −2 0



8
Êîñîñèììåòðè÷íûå ìàòðèöû

3-ãî ïîðÿäêà
B =

 0 3 −1

−3 0 0

1 0 0



9
Âåðõíåòðåóãîëüíûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâûì ñëåäîì

B =

 1 4 0

0 −2 2

0 0 1



10

Ìàòðèöû 3-ãî ïîðÿäêà ñ
íóëåâûìè ñóììàìè ýëåìåíòîâ

ãëàâíîé è ïîáî÷íîé
äèàãîíàëåé

B =

 3 1 0

−1 0 2

0 4 −3



11

Ìàòðèöû 3-ãî ïîðÿäêà,
ó êîòîðûõ ñóììû ýëåìåíòîâ

ëþáîé ñòðîêè è
ëþáîãî ñòîëáöà îäèíàêîâû

B =

 2 −3 3

−1 1 2

1 4 −3


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12

Ìàòðèöû 3-ãî ïîðÿäêà,
ó êîòîðûõ ñóììû ýëåìåíòîâ

ëþáîé ñòðîêè è
ëþáîãî ñòîëáöà ðàâíû íóëþ

B =

 3 0 −3

−2 4 −2

−1 −4 5



13

Ìàòðèöû (2× 3), ó êîòîðûõ
ñóììû ýëåìåíòîâ â îáåèõ

ñòðîêàõ îäèíàêîâû

B =

(
4 7 −8

−3 3 3

)

14 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =

 0 1 0

0 0 0

0 0 1

 B =

 1 −1 0

0 1 0

0 0 2


15 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =

 1 0 0

0 0 1

0 1 0

 B =

 0 −1 1

1 2 3

−1 −3 −2


16 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ

X ·

 1 0 −1

0 0 0

−1 0 1

 =

(
0 0 0

0 0 0

)
B =

(
−2 1 −2

1 3 1

)

17 Ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ

X ·

 1 −1 1

0 0 0

−1 1 −1

 =

(
0 0 0

0 0 0

)
B =

(
−1 −2 −1

1 −2 1

)
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18 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =

 0 0 0

1 0 0

0 1 0

 B =

 3 0 0

−2 3 0

2 −2 3


19 Ìàòðèöû, ïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =

 0 0 1

0 1 0

0 0 1

 B =

 3 2 0

0 −1 2

0 2 3


20 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =

 0 0 0

1 0 0

0 1 0

 B =

 2 0 0

−1 −2 0

−1 1 2


21 Ìàòðèöû, àíòèïåðåñòàíîâî÷íûå ñ

ìàòðèöåé A =

 0 0 1

0 1 0

0 0 1

 B =

 2 0 −2

0 0 0

0 0 0



22

Ñèììåòðè÷íûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâûìè

ñóììàìè ýëåìåíòîâ ïåðâîãî
è òðåòüåãî ñòîëáöîâ

B =

 2 −1 −1

−1 1 −2

−1 −2 3



23

Êîñîñèììåòðè÷íûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâîé ñóììîé

ýëåìåíòîâ ïåðâîé ñòðîêè

B =

 0 2 −2

−2 0 −3

2 3 0



24

Íèæíåòðåóãîëüíûå ìàòðèöû
3-ãî ïîðÿäêà ñ íóëåâûì ñëåäîì
è íóëåâîé ñóììîé ýëåìåíòîâ

ïîáî÷íîé äèàãîíàëè

B =

 1 0 0

4 2 0

−2 5 −3


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25

Ñèììåòðè÷íûå ìàòðèöû 3-ãî
ïîðÿäêà, ó êîòîðûõ îäèíàêîâû

ñóììû ýëåìåíòîâ ñòðîê,
à ñóììû ýëåìåíòîâ ñòîëáöîâ

çíàêî÷åðåäóþòñÿ

B =

 0 1 −1

1 −1 0

−1 0 1



26

Ñèììåòðè÷íûå ìàòðèöû 3-ãî
ïîðÿäêà, ó êîòîðûõ îäèíàêîâû
ñóììû ýëåìåíòîâ ñòîëáöîâ,
à ñóììû ýëåìåíòîâ ñòðîê

çíàêî÷åðåäóþòñÿ

B =

 0 0 0

0 1 −1

0 −1 1



27

Ñèììåòðè÷íûå ìàòðèöû 3-ãî
ïîðÿäêà, ó êîòîðûõ ñóììa
ýëåìåíòîâ ëþáîãî ñòîëáöà

ðàâíà íóëþ

B =

 3 −3 0

−3 2 1

0 1 −1



28

Ìàòðèöû (3× 2), ó êîòîðûõ
ñóììû ýëåìåíòîâ ëþáîãî
ñòîëáöà ðàâíû íóëþ

B =

 2 −3

−1 0

−1 3


29 Ñèììåòðè÷íûå ìàòðèöû,

ïåðåñòàíîâî÷íûå ñ ìàòðèöåé

A =

 1 0 0

0 0 1

0 1 0

 B =

 0 1 1

1 2 3

1 3 2


30 Ñèììåòðè÷íûå ìàòðèöû,

àíòèïåðåñòàíîâî÷íûå ñ ìàòðèöåé

A =

 0 1 0

0 0 1

0 1 0

 B =

 2 0 0

0 −2 0

0 0 2


Çàäà÷à 3.1. Ëèíåéíûé îïåðàòîð Ĉ â ïðîñòðàíñòâå V3 åñòü ïî-
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ñëåäîâàòåëüíîå ïðèìåíåíèå ëèíåéíûõ îïåðàòîðîâ Â è B̂. Íàéòè
ìàòðèöû îïåðàòîðîâ Â, B̂, Ĉ â áàçèñå i, j, k. Îáðàòèì ëè îïåðà-
òîð Ĉ? Åñëè äà, òî îïèñàòü åãî ãåîìåòðè÷åñêîå äåéñòâèå.

� Îïåðàòîðû

1 Ïîâîðîò âîêðóã îñè: à) Oz íà 90◦, á) Oz íà 45◦,

â) Ox íà 45◦, ã) Ox íà 30◦, ä) Oy íà 90◦, å) Oy íà 60◦.

2 Ïðîåêòèðîâàíèå íà ïëîñêîñòü: à) xOy, á) xOz, â) yOz.

3 Ïðîåêòèðîâàíèå íà îñü: à) Ox, á) Oy, â) Oz.

4 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè: à) xOy,

á) xOz, â) yOz.

5 Îòðàæåíèå îòíîñèòåëüíî îñè: à) Ox, á) Oy, â) Oz.

6 Âåêòîðíîå óìíîæåíèå íà âåêòîð: à) a = i+ j+ k,

á) a = i+ j− k, â) a = i− j+ k, ã) a = i+ 2k,

ä) a = j− 2k, å) a = 2i− j.

7 Ãîìîòåòèÿ ñ êîýôôèöèåíòîì: à) k = 2, á) k =
1

2
,

â) k = −2.

� âàð. Â B̂ � âàð. Â B̂ � âàð. Â B̂

1 1a 2á 2 2a 1â 3 3a 4a

4 4a 7à 5 5a 3à 6 6a 2à

7 7a 5a 8 1á 4á 9 2á 6á

10 3á 6â 11 4á 1ã 12 5á 2â

13 4á 3â 14 7á 2á 15 1â 5á

16 2â 6ã 17 3â 7â 18 4â 2á

19 5â 6ä 20 6å 1ä 21 7â 2à
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22 1ã 5á 23 6ã 3á 24 1ä 4â

25 6ä 3á 26 1å 6å 27 6å 4â

28 2a 5á 29 4a 6ä 30 7a 1å

Çàäà÷à 3.2. Ëèíåéíûé îïåðàòîð Â â ïðîñòðàíñòâå V3 ãåîìåòðè-
÷åñêèõ âåêòîðîâ îïðåäåëÿåòñÿ äåéñòâèåì îòîáðàæåíèÿ α íà êîíöû
ðàäèóñ-âåêòîðîâ òî÷åê òðåõìåðíîãî ïðîñòðàíñòâà.
1) Íàéòè ìàòðèöó ëèíåéíîãî îïåðàòîðà Â â ïîäõîäÿùåì áàçèñå
ïðîñòðàíñòâà V3, à çàòåì â êàíîíè÷åñêîì áàçèñå i, j, k.
2) Â êàêóþ òî÷êó òðåõìåðíîãî ïðîñòðàíñòâà ïåðåõîäèò òî÷êà ñ
êîîðäèíàòàìè (1, 0, 0) ïîä äåéñòâèåì îòîáðàæåíèÿ α?
3) Íàéòè An, ãäå A � ìàòðèöà îïåðàòîðà â áàçèñå i, j, k.

� âàð. Îòîáðàæåíèå α

1, 16 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x+ y + z = 0

2, 17 Ïîâîðîò íà 180◦ âîêðóã îñè x = y = z

3, 18 Ïðîåêòèðîâàíèå íà îñü x =
y

2
= z

4, 19 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x+ y + z = 0

5, 20 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x+ y − z = 0

6, 21 Ïîâîðîò íà 180◦ âîêðóã îñè x = y = −z

7, 22 Ïðîåêòèðîâàíèå íà îñü 2x = 2y = −z

8, 23 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x− y + z = 0

9, 24 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè x− y + z = 0

10, 25 Ïîâîðîò íà 180◦ âîêðóã îñè − x = y = z

11, 26 Ïðîåêòèðîâàíèå íà îñü x = 2y = 2z

12, 27 Ïðîåêòèðîâàíèå íà ïëîñêîñòü − x+ y + z = 0

13, 28 Îòðàæåíèå îòíîñèòåëüíî ïëîñêîñòè − x+ y + z = 0
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Ïðîäîëæåíèå çàäà÷è 3.2

14, 29 Ïîâîðîò íà 180◦ âîêðóã îñè x = −y = z

15, 30 Ïðîåêòèðîâàíèå íà ïëîñêîñòü x+ y − z = 0

Çàäà÷à 3.3. Ïóñòü A � ìàòðèöà îïåðàòîðà Â èç çàäà÷è 3.2
â êàíîíè÷åñêîì áàçèñå i, j, k. Íàéäèòå ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå âåêòîðû ìàòðèöû A. Îáúÿñíèòå, êàê ïîëó÷åííûé ðå-
çóëüòàò ñâÿçàí ñ ãåîìåòðè÷åñêèì äåéñòâèåì îïåðàòîðà Â.

Çàäà÷à 3.4. 1) Êàêîå èç ïåðå÷èñëåííûõ ïðåîáðàçîâàíèé ÿâëÿåòñÿ
ëèíåéíûì îïåðàòîðîì â ïðîñòðàíñòâå R3?
2) Íàéòè ìàòðèöó îïåðàòîðà â êàíîíè÷åñêîì áàçèñå
ïðîñòðàíñòâà R3.
3) Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû îïåðàòîðà.
ßâëÿåòñÿ ëè äàííûé îïåðàòîð îïåðàòîðîì ïðîñòîãî òèïà?
4) Íàéòè ÿäðî îïåðàòîðà.
5) Îáðàòèì ëè äàííûé îïåðàòîð? Åñëè äà, íàéòè îáðàòíûé îïå-
ðàòîð.

� Ïðåîáðàçîâàíèÿ Â, B̂, Ĉ

1 Âx = (4x1 − 2x2 − x3, −x1 + 3x2 − x3, x1 − 2x2 + 2x3)

16 B̂x = (4− 2x2 − x3, −x1 + 3x2 − x3, x1 − 2x2 + 2)

Ĉx = (4x1 − 2x2 − x23, −x1 + 3x2 − x3, x31 − 2x2 + 2x3)

2 Âx = (3x1 + 4, x1 + 3x2, x1 − x2 + 1),

17 B̂x = (3x21 + 4x2, x1 + 3x2, x1 − x32 + x3),

Ĉx = (3x1 + 4x2, x1 + 3x2, x1 − x2 + x3)
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3 Âx = (−x1 − x2 − x3, 4− x3, −x2 + 4),

18 B̂x = (−x1 − x2 − x3, 4x2 − x3, −x2 + 4x3),

Ĉx = (−x1 − x42 − x3, 4x2 − x3, −x22 + 4x3)

4 Âx = (3x1 − x2 − x3, 2x2 + x3, x2 + 2x3),

19 B̂x = (3x1 − 1− x3, 2 + x3, x2 + 2x3),

Ĉx = (3x21 − x2 − x3, 2x2 + x33, x2 + 2x3)

5 Âx = (3− 2x2 + x3, −x1 + 2x2 − x3, −x1 − 2 + x3),

20 B̂x = (3x1 − 2x2 + x23, −x1 + 2x2 − x3, −x1 − 2x42 + x3),

Ĉx = (3x1 − 2x2 + x3, −x1 + 2x2 − x3, −x1 − 2x2 + x3)

6 Âx = (3x1 + x2 − x3, 2 + 2x2 − x3, −2x1 + x2 + 4),

21 B̂x = (3x1 + x2 − x3, 2x1 + 2x2 − x3, −2x1 + x2 + 4x3),

Ĉx = (3x1 + x32 − x3, 2x1 + 2x2 − x23, −2x1 + x2 + 4x3)

7 Âx = (2x1 − x3, 2x1 + x2 − x3, −x1 + 2x3),

22 B̂x = (2x1 − x3, 2x1 + x2 − 1, −x1 + 2),

Ĉx = (2x41 − x3, 2x1 + x22 − x3, −x1 + 2x3)

8 Âx = (−2x1 + x2, x1 − 2, −x1 + x2 + 2),

23 B̂x = (−2x1 + x32, x1 − 2x2, −x21 + x2 + 2x3),

Ĉx = (−2x1 + x2, x1 − 2x2, −x1 + x2 + 2x3)

9 Âx = (4x1 − x3, −x1 + 5 + x3, −x1 + 4),

24 B̂x = (4x1 − x3, −x1 + 5x2 + x3, −x1 + 4x3),

Ĉx = (4x41 − x3, −x1 + 5x2 + x23, −x1 + 4x3)
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10 Âx = (4x1 − 3x2 − 7x3, x1 − x3, 3x1 − 3x2 − 6x3),

25 B̂x = (4x1 − 3− 7x3, x1 − x3, 3x1 − 3x2 − 6),

Ĉx = (4x21 − 3x2 − 7x3, x31 − x3, 3x1 − 3x2 − 6x3)

11 Âx = (4x1 − 5x2 + 5, 2x1 + 2x3, 2x1 + 1 + x3),

26 B̂x = (4x1 − 5x2 + 5x3, 2x1 + 2x43, 2x1 + x2 + x23),

Ĉx = (4x1 − 5x2 + 5x3, 2x1 + 2x3, 2x1 + x2 + x3)

12 Âx = (3 + 4x2 + 2x3, −x2 − 2, 2x1 + 4x2 + 3x3),

27 B̂x = (3x1 + 4x2 + 2x3, −x2 − 2x3, 2x1 + 4x2 + 3x3),

Ĉx = (3x21 + 4x2 + 2x3, −x32 − 2x3, 2x1 + 4x2 + 3x3)

13 Âx = (−x1 − 4x2 + 4x3, 2x1 + 3x2 + 2x3, 2x1 + 5x3),

28 B̂x = (−x1 − 4x2 + 4, 2x1 + 3x2 + 2x3, 2 + 5x3),

Ĉx = (−x1 − 4x42 + 4x3, 2x1 + 3x2 + 2x23, 2x1 + 5x3)

14 Âx = (4x1 − 2x2 + 2, 4, 3x2 − x3),

29 B̂x = (4x1 − 2x2 + 2x23, 4x2, 3x2 − x33),

Ĉx = (4x1 − 2x2 + 2x3, 4x2, 3x2 − x3)

15 Âx = (−2 + 2x2 − 2x3, −5x1 + 7x2 − 3x3, −x1 + 3 + x3),

30 B̂x = (−2x1 + 2x2 − 2x3, −5x1 + 7x2 − 3x3, −x1 + 3x2 + x3),

Ĉx = (−2x1 + 2x42 − 2x3, −5x1 + 7x22 − 3x3, −x1 + 3x2 + x3)

Çàäà÷à 3.5. Ïóñòü Âx = (x2−x3, x1, x1+x3), B̂x = (x2, 2x3, x1)
� ëèíåéíûå îïåðàòîðû â ïðîñòðàíñòâå R3. Íàéòè:



Ê
àô
åä
ðà
Â
Ì
-2

Ì
ÃÒ
Ó
Ì
È
Ð
Ý
À

29

� � �

1 ÂB̂x 2 (Â2 + 3B̂)x 3 (Â2 − B̂)x

4 (Â+ B̂2)x 5 (B̂2 − 4Â)x 6 (2Â+ 3B̂2)x

7 (Â2 + B̂2)x 8 (B̂2 + Â)x 9 B̂Âx

10 B̂(2Â− B̂)x 11 Â(2B̂ − Â)x 12 Â(B̂ + 2Â)x

13 (Â− B̂)2x 14 (B̂ − 2Â2)x 15 B̂Â2x

16 (3Â2 − B̂)x 17 (Â2 + B̂)x 18 (Â2 − B̂2)x

19 (2B̂ − Â2)x 20 (B̂3 + Â)x 21 (B̂2 − 2Â)x

22 Â(B̂ + Â)x 23 ÂB̂2x 24 B̂(B̂ − Â)x

25 2(Â2 + B̂2)x 26 B̂(Â− 2B̂)x 27 (B̂ − Â+ B̂2)x

28 B̂(3Â+ B̂)x 29 (Â+ B̂Â− B̂)x 30 (3B̂ + 2Â2)x

Çàäà÷à 3.6. 1) Äîêàçàòü, ÷òî Â � ëèíåéíûé îïåðàòîð â ïðîñòðàí-
ñòâå Pn ìíîãî÷ëåíîâ ñòåïåíè íå âûøå n.
2) Íàéòè åãî ìàòðèöó â êàíîíè÷åñêîì áàçèñå.
3) Ñóùåñòâóåò ëè îáðàòíûé îïåðàòîð ê Â? Åñëè äà, òî íàéäèòå
åãî ìàòðèöó â òîì æå áàçèñå.
4) Íàéäèòå ÿäðî îïåðàòîðà Â, òî åñòü ìíîæåñòâî KerÂ = {p(t) ∈
Pn : (Âp)(t) ≡ 0}.

� âàð. n (Âp)(t)

1, 16 2 [(t+ 1) · p(t)]′

2, 17 2 [t · p(t+ 1)]′

3, 18 3 (t+ 1) · p′(t)

4, 19 3 t · p′(t+ 1)
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5, 20 3 p(t)− p(t+ 2)

6, 21 3 3t · p(t)− t2 · p′(t)

7, 22 2 (t · p(t))′ + p′′(t)

8, 23 3 6t · p(t)− t3 · p′′(t)

9, 24 2 (t+ 1) · p(t+ 1)− t · p(t)

10, 25 2 [(t− 2) · p(t)]′

11, 26 3 [t · p′(t)]′

12, 27 2 [t · p(t− 2)]′

13, 28 3 t · p′(t)− p(t+ 1)

14, 29 2 (t− 2) · p(t− 2)− t · p(t)

15, 30 2 (2t+ 1) · p(t) + t(1− t)p′(t)

Çàäà÷à 3.7. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû
ëèíåéíîãî îïåðàòîðà, çàäàííîãî ìàòðèöåé A. Äîêàçàòü, ÷òî ýòî
îïåðàòîð ïðîñòîãî òèïà, ïðèâåñòè åãî ìàòðèöó ê äèàãîíàëüíîìó
âèäó (íàéòè ìàòðèöó ïåðåõîäà ê ñîáñòâåííîìó áàçèñó è ñäåëàòü
ïðîâåðêó). Âû÷èñëèòü An äëÿ ëþáîãî n ∈ N.

� � �
âàð. A âàð. A âàð. A

1

(
4 −3

2 −1

)
2

(
−3 1

−4 2

)
3

(
2 1

1 2

)
4

(
−4 5

−1 2

)
5

(
3 −2

2 −2

)
6

(
−5 −2

6 2

)
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7

(
5 −6

2 −3

)
8

(
2 −3

5 −6

)
9

(
−3 2

−3 2

)
10

(
4 −2

1 1

)
11

(
3 6

−1 −4

)
12

(
3 −5

1 −3

)
13

(
4 2

−3 −3

)
14

(
2 −5

4 −7

)
15

(
4 −8

3 −6

)
16

(
−2 5

1 2

)
17

(
2 1

2 3

)
18

(
6 7

−2 −3

)
19

(
3 1

1 3

)
20

(
5 7

−1 −3

)
21

(
6 −2

3 1

)
22

(
3 6

−1 −2

)
23

(
−6 −7

2 3

)
24

(
−6 5

−2 1

)
25

(
−1 3

3 −1

)
26

(
−3 1

1 −3

)
27

(
−3 2

3 2

)
28

(
−8 4

−5 1

)
29

(
−5 3

−3 5

)
30

(
3 4

−2 −3

)

Çàäà÷à 3.8. Îïåðàòîð Â äåéñòâóåò â ïðîñòðàíñòâå ìàòðèö, îáðà-
çóþùèõ ëèíåéíîå ïîäïðîñòðàíñòâî M â ïðîñòðàíñòâå âñåõ êâàä-
ðàòíûõ ìàòðèö âòîðîãî ïîðÿäêà.
1) Äîêàçàòü, ÷òî Â � ëèíåéíûé îïåðàòîð.
2) Íàéòè ìàòðèöó îïåðàòîðà Â â êàêîì-íèáóäü áàçèñå ïðîñòðàí-
ñòâà M .
3) Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû îïåðàòîðà
Â (íàïîìíèì, ÷òî â äàííîì ñëó÷àå âåêòîðàìè ÿâëÿþòñÿ
ìàòðèöû).
4) Äîêàçàòü, ÷òî Â � îïåðàòîð ïðîñòîãî òèïà, óêàçàòü áàçèñ èç
ñîáñòâåííûõ âåêòîðîâ.
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�

âàð.
M =

{
X =

(
x y

u v

)}
Â B

1, 16 y = u ÂX = BTXB

(
1 1

0 0

)

2, 17 y = u ÂX = BTXB

(
0 0

1 1

)

3, 18 x+ v = 0 ÂX = BX −XB

(
1 1

0 −1

)

4, 19 x+ v = 0 ÂX = BX −XB

(
0 1

1 0

)

5, 20 x+ y + u+ v = 0 ÂX = B−1XB

(
0 1

1 0

)

6, 21 x− y + u+ v = 0 ÂX = B−1XB

(
0 1

−1 0

)

7, 22 x+ y − u− v = 0 ÂX = BX +XB

(
0 1

1 0

)

8, 23 x− 2y − u− v = 0 ÂX = BX +XB

(
1 1

0 −1

)

9, 24 y = u ÂX = BTXB

(
1 0

1 0

)

10, 25 y = u ÂX = BTXB

(
0 1

0 1

)
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11, 26 x+ v = 0 ÂX = BX −XB

(
1 0

−1 −1

)

12, 27 x+ y + u+ v = 0 ÂX = BX −XB

(
0 1

1 0

)

13, 28 x+ y + 2u+ v = 0 ÂX = B−1XB

 0 1
1

2
0


14, 29 x+ y + 2u− v = 0 ÂX = BX +XB

(
1 0

−1 −1

)

15, 30 x+ y − v = 0 ÂX = BX +XB

(
−1 2

0 1

)

Çàäà÷à 4.1. Çàäàíà êâàäðàòè÷íàÿ ôîðìà φ(x1, x2, x3).
1) Ïðèâåñòè åå ê êàíîíè÷åñêîìó âèäó ìåòîäîì Ëàãðàíæà, âûïè-
ñàâ ñîîòâåòñòâóþùåå ïðåîáðàçîâàíèå ïåðåìåííûõ.
2) Ïðèâåñòè åå ê êàíîíè÷åñêîìó âèäó îðòîãîíàëüíûì ïðåîáðàçî-
âàíèåì.
3) Ïðîâåðèòü çàêîí èíåðöèè êâàäðàòè÷íûõ ôîðì íà ïðèìåðàõ
ïðåîáðàçîâàíèé, ïîëó÷åííûõ â ï.ï.1)�2).
4) Êàêàÿ ïîâåðõíîñòü çàäàåòñÿ óðàâíåíèåì φ(x1, x2, x3) = 1?

� âàð. Êâàäðàòè÷íàÿ ôîðìà φ(x1, x2, x3)

1, 16 4x22 − 3x23 + 4x1x2 − 4x1x3 + 8x2x3

2, 17 3x21 − 7x22 + 3x23 + 8x1x2 − 8x1x3 − 8x2x3
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3, 18 x21 + x22 + x23 + 4x1x2 + 4x1x3 − 4x2x3

4, 19 2x21 + 9x22 + 2x23 − 4x1x2 + 4x2x3

5, 20 2x21 + x22 − 4x1x2 − 4x2x3

6, 21 −2x21 − 2x22 + x23 − 2x1x2 + 4x1x3 − 4x2x3

7, 22 −x21 − x22 − 3x23 − 2x1x2 − 6x1x3 + 6x2x3

8, 23 2x21 + 7x22 + 2x23 − 4x1x2 − 6x1x3 + 4x2x3

9, 24 4x21 + 4x22 + x23 + 2x1x2 − 4x1x3 + 4x2x3

10, 25 x21 − 7x22 + x23 − 4x1x2 − 2x1x3 − 4x2x3

11, 26 x21 + 2x22 + 3x23 − 4x1x2 − 4x2x3

12, 27 2x1x2 + 2x1x3 − 2x2x3

13, 28 4x21 + 8x22 + 4x23 − 2x1x2 + 6x1x3 − 2x2x3

14, 29 4x21 + x22 + 4x23 − 14x1x2 − 8x1x3 + 14x2x3

15, 30 −2x21 − 2x22 − 2x23 + 6x1x2 − 6x1x3 + 6x2x3

Çàäà÷à 4.2. Âûïèñàòü êâàäðàòè÷íóþ ôîðìó ñ äàííîé ìàòðèöåé
A. Ïðèâåñòè åå ê êàíîíè÷åñêîìó âèäó, îïðåäåëèòü ðàíã, ïîëîæè-
òåëüíûé è îòðèöàòåëüíûé èíäåêñû â çàâèñèìîñòè îò çíà÷åíèé ïà-
ðàìåòðà a. Ïðè êàêèõ çíà÷åíèÿõ a ôîðìà ïîëîæèòåëüíî îïðåäå-
ëåíà?
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� �
âàð. Ìàòðèöà A âàð. Ìàòðèöà A

1

 1 1 1

1 a a

1 a 12a

 2

 a+ 3 1 a+ 3

1 1 1

a+ 3 1 4a



3

 1 1 1

1 5a+ 6 a− 2

1 a− 2 a− 2

 4

 a+ 5 a+ 5 1

a+ 5 3a− 1 1

1 1 1



5

 4a+ 8 1 a− 4

1 1 1

a− 4 1 a− 4

 6

 3a− 3 a+ 7 1

a+ 7 a+ 7 1

1 1 1



7

 1 1 1

1 −a a+ 2

1 a+ 2 10a

 8

 −a− 1 1 a+ 3

1 1 1

a+ 3 1 2a− 4



9

 1 1 1

1 3a+ 6 a+ 4

1 a+ 4 −a− 2

 10

 5− a a− 3 1

a− 3 a− 1 1

1 1 1



11

 2a+ 8 1 a+ 6

1 1 1

a+ 6 1 −a− 4

 12

 a− 3 a− 5 1

a− 5 7− a 1

1 1 1



13

 1 2 1

2 3− a a+ 3

1 a+ 3 10a

 14

 2− a 2 a+ 4

2 1 1

a+ 4 1 2a− 4


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15

 1 2 1

2 3a+ 9 a+ 5

1 a+ 5 −a− 2

 16

 8− a a− 2 2

a− 2 a− 1 1

2 1 1



17

 2a+ 8 1 a+ 7

1 1 2

a+ 7 2 −a− 1

 18

 a− 3 a− 4 1

a− 4 10− a 2

1 2 1



19

 1 −2 1

−2 3− a a− 1

1 a− 1 10a

 20

 2− a −2 a

−2 1 1

a 1 2a− 4



21

 1 −2 1

−2 3a+ 9 a+ 1

1 a+ 1 −a− 2

 22

 8− a a− 6 −2

a− 6 a− 1 1

−2 1 1



23

 2a+ 8 1 a+ 3

1 1 −2

a+ 3 −2 −a− 1

 24

 a− 3 a− 8 1

a− 8 10− a −2

1 −2 1



25

 1 −2 −1

−2 5− a a+ 1

−1 a+ 1 10a+ 2

 26

 6− a −2 a

−2 1 −1

a −1 2a


27

 1 −2 −1

−2 3a+ 15 a− 1

−1 a− 1 4− a

 28

 −a a+ 6 −2

a+ 6 a− 9 −1

−2 −1 1


29

 2a+ 18 −1 a− 3

−1 1 −2

a− 3 −2 9− a

 30

 a− 15 a+ 8 −1

a+ 8 −a− 2 −2

−1 −2 1





Ê
àô
åä
ðà
Â
Ì
-2

Ì
ÃÒ
Ó
Ì
È
Ð
Ý
À

37

Çàäà÷à 4.3. Ïðèâåñòè óðàâíåíèå êðèâîé âòîðîãî ïîðÿäêà ê êà-
íîíè÷åñêîìó âèäó. Ñäåëàòü ÷åðòåæ.

� âàð. Óðàâíåíèå êðèâîé

1 5x2 − 4xy + 8y2 − 34x+ 28y + 29 = 0

2 11x2 + 20xy − 4y2 − 26x− 76y − 181 = 0

3 x2 − 4xy + 4y2 − 22x− 56y + 21 = 0

4 13x2 + 32xy + 37y2 + 46x+ 22y + 13 = 0

5 4x2 − 20xy − 11y2 + 64x− 16y − 32 = 0

6 x2 + 4xy + 4y2 + 44x− 12y − 116 = 0

7 8x2 − 4xy + 5y2 − 52x+ 22y + 53 = 0

8 −4x2 + 20xy + 11y2 + 64x− 16y − 256 = 0

9 4x2 − 4xy + y2 + 16x− 58y + 141 = 0

10 37x2 + 32xy + 13y2 + 190x+ 70y + 205 = 0

11 −11x2 − 20xy + 4y2 − 26x− 76y − 107 = 0

12 4x2 + 4xy + y2 + 12x− 44y − 116 = 0

13 9x2 − 6xy + 17y2 − 60x+ 52y + 44 = 0

14 27x2 + 30xy − 13y2 − 102x− 142y − 277 = 0

15 x2 − 6xy + 9y2 − 96x− 112y − 96 = 0

16 9x2 + 24xy + 41y2 + 30x− 10y + 5 = 0

17 13x2 − 30xy − 27y2 + 138x+ 18y − 99 = 0

18 x2 + 6xy + 9y2 + 128x− 16y − 304 = 0

19 17x2 − 6xy + 9y2 − 108x+ 36y + 108 = 0

20 −13x2 + 30xy + 27y2 + 138x+ 18y − 477 = 0

21 9x2 − 6xy + y2 + 32x− 144y + 384 = 0

22 41x2 + 24xy + 9y2 + 222x+ 54y + 261 = 0

23 −27x2 − 30xy + 13y2 − 102x− 142y − 299 = 0

24 9x2 + 6xy + y2 + 16x− 128y − 304 = 0
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25 4x2 − 12xy + 13y2 − 36x+ 62y + 69 = 0

26 7x2 + 52xy − 32y2 + 62x− 284y − 557 = 0

27 x2 − 4xy + 4y2 − 62x− 76y − 39 = 0

28 4x2 + 12xy + 13y2 + 12x+ 10y − 3 = 0

29 32x2 − 52xy − 7y2 + 296x− 128y + 392 = 0

30 x2 + 4xy + 4y2 + 84x− 32y − 236 = 0

.

Çàäà÷à 5.1. Â ïðîñòðàíñòâå V3 ãåîìåòðè÷åñêèõ âåêòîðîâ ñ îáû÷-
íûì ñêàëÿðíûì ïðîèçâåäåíèåì âåêòîðû áàçèñà S1 = {e1, e2, e3}
çàäàíû êîîðäèíàòàìè â áàçèñå i, j, k.
1) Íàéäèòå ìàòðèöó Ãðàìà G1 ñêàëÿðíîãî ïðîèçâåäåíèÿ â ýòîì
áàçèñå. Âûïèøèòå ôîðìóëó äëÿ äëèíû âåêòîðà ÷åðåç åãî êîîðäè-
íàòû â áàçèñå S1.
2) Îðòîãîíàëèçóéòå áàçèñ S1. Ñäåëàéòå ïðîâåðêó îðòîíîðìèðî-
âàííîñòè ïîñòðîåííîãî áàçèñà S2 âûïèñàâ êîîðäèíàòû âåêòîðîâ
èç S2 â êàíîíè÷åñêîì áàçèñå i, j, k.

� Áàçèñ S1 � Áàçèñ S1 � Áàçèñ S1

1, e1 = (1,−1, 1) 2, e1 = (1, 0, 1) 3, e1 = (1,−1, 0)

16 e2 = (2, 1, 0) 17 e2 = (1, 1,−1) 18 e2 = (1, 1, 1)

e3 = (0, 1, 1) e3 = (2,−1, 0) e3 = (1, 0, 2)

4, e1 = (1, 0, 2) 5, e1 = (0,−1, 2) 6, e1 = (1, 1,−1)

19 e2 = (2, 1, 1) 20 e2 = (1, 1,−1) 21 e2 = (2, 0, 1)

e3 = (1, 1, 0) e3 = (2, 0, 1) e3 = (1, 1, 2)

7, e1 = (2, 0, 1) 8, e1 = (−1, 1, 1) 9, e1 = (2, 0, 1)

22 e2 = (1, 1,−1) 23 e2 = (1, 1,−1) 24 e2 = (1, 1, 1)

e3 = (1, 2, 1) e3 = (2, 0, 1) e3 = (−2, 0, 1)

10, e1 = (1, 1, 0) 11, e1 = (1, 0,−1) 12, e1 = (2,−1, 0)
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25 e2 = (2, 0, 1) 26 e2 = (2, 1, 1) 27 e2 = (1, 1, 1)

e3 = (1, 1, 1) e3 = (1, 1, 0) e3 = (−1, 0, 1)

13, e1 = (1, 0, 2) 14, e1 = (−1, 1, 0) 15, e1 = (1, 1,−1)

28 e2 = (1, 1, 1) 29 e2 = (−2, 1, 1) 30 e2 = (1, 1, 1)

e3 = (−1, 2, 0) e3 = (1, 0, 1) e3 = (2, 1, 0)

Çàäà÷à 5.2. Ìàòðèöà Ãðàìà ñêàëÿðíîãî ïðîèçâåäåíèÿ Ge è êî-
îðäèíàòû âåêòîðîâ x è y çàäàíû â áàçèñå (e1, e2).
1) Íàéòè äëèíû áàçèñíûõ âåêòîðîâ è óãîë ìåæäó íèìè.
2) Íàéòè óãîë ìåæäó âåêòîðàìè x è y.
3) Îðòîãîíàëèçîâàòü áàçèñ (e1, e2). Ñäåëàòü ïðîâåðêó îðòîíîðìè-
ðîâàííîñòè ïîñòðîåííîãî áàçèñà óáåäèâøèñü, ÷òî ïðåîáðàçîâàíèå
ìàòðèöû Ãðàìà ïðè ïåðåõîäå ê ïîñòðîåííîìó áàçèñó ïðèâîäèò ê
åäèíè÷íîé ìàòðèöå.

� Ge x y

1

(
3 −1

−1 4

)
(1, 2) (2,−1)

2

(
4 2

2 5

)
(3, 1) (1,−3)

3

(
6 −2

−2 4

)
(−2, 3) (3, 2)

4

(
5 3

3 4

)
(1, 2) (2,−1)

5

(
1 −1

−1 3

)
(2,−4) (4, 2)

6

(
4 1

1 5

)
(3, 2) (2,−3)



Ê
àô
åä
ðà
Â
Ì
-2

Ì
ÃÒ
Ó
Ì
È
Ð
Ý
À

40

Ïðîäîëæåíèå çàäà÷è 5.2

7

(
2 −1

−1 6

)
(3, 4) (4,−3)

8

(
5 2

2 1

)
(3, 1) (1,−3)

9

(
3 −2

−2 5

)
(−2, 1) (1, 2)

10

(
6 −1

−1 3

)
(1,−4) (4, 1)

11

(
3 −1

−1 4

)
(1, 2) (2,−1)

12

(
4 2

2 5

)
(3, 1) (1,−3)

13

(
6 −2

−2 4

)
(−2, 3) (3, 2)

14

(
5 3

3 4

)
(1, 2) (2,−1)

15

(
1 −1

−1 3

)
(2,−4) (4, 2)

16

(
4 1

1 5

)
(3, 2) (2,−3)

17

(
2 −1

−1 6

)
(3, 4) (4,−3)

18

(
5 2

2 1

)
(3, 1) (1,−3)

19

(
3 −2

−2 5

)
(−2, 1) (1, 2)
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20

(
6 −1

−1 3

)
(1,−4) (4, 1)

21

(
3 −1

−1 4

)
(1, 2) (2,−1)

22

(
4 2

2 5

)
(3, 1) (1,−3)

23

(
6 −2

−2 4

)
(−2, 3) (3, 2)

24

(
5 3

3 4

)
(1, 2) (2,−1)

25

(
1 −1

−1 3

)
(2,−4) (4, 2)

26

(
4 1

1 5

)
(3, 2) (2,−3)

27

(
2 −1

−1 6

)
(3, 4) (4,−3)

28

(
5 2

2 1

)
(3, 1) (1,−3)

29

(
3 −2

−2 5

)
(−2, 1) (1, 2)

30

(
6 −1

−1 3

)
(1,−4) (4, 1)


